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1. Introduction

The two dimensional Fourier transform is widely applied in many fields [1-6]. In this paper, the ill-posedness of the prob-
lem for computing two dimensional Fourier transform is analyzed on a pair of spaces by the theory and examples in detail. A
two dimensional regularized Fourier series is presented with the proof of the convergence property and experimental
results.

First, we describe the band-limited signals.

Definition. For two positive Q;,Q €R, a function fe [*(R?) is said to be band-limited if
flor, @) = 0Y(w1, ;) € B2\ [-Q1, Q1] x [-Qa, Q).

Here f is the Fourier transform of f:

R r+00 +0o0 .
F(f) (w1, m2) = f(w1, ) := / / f(ty, t)ef@troR)de dt,  (wq, ;) € R2. (1)

We will consider the problem of computing f(w) from f(t).
For band-limited signals, we have the following sampling theorem [4, 7, 8].

Theorem. For the two-dimensional band-limited function above, we have

= = Sil‘lQ](tl — n1H1) Sian(tZ — nsz)
t1,t) = niHqy, noH 2
f( 1 2) Z Zf( 1, 12 2) Q](t] 7n1H1) Qz(tZ*nsz) ( )

ny=—ooly=-00

where Hy := 1t/Q; and H, := 1/y.
Calculating the Fourier transform of f(t1,t;) by the formula (2), we have the formula which is same as the Fourier series
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flor,m2) = HiH, Z Z f(niHy, nyHy et b (o, ;) 3)

ny=—ooNy=—00

where Po(w1, @32) := 1_q, 0,)x[-0,.0,] (1, @2) is the characteristic function of [—Qy, Q1] x [-Q,, Q).
In many practical problems, the samples {f(n;H1,n,H>)} are noisy:

f(niHy,n2Hy) = fr(niHy,nHo) + n(niHy, noHy) (4)
where {#(n1H1,nyH,)} is the noise
[n(nH1,n2Hy)| <6 (5)

and f; € [? is the exact band-limited signal.

The noise in the two dimensional case is discussed in [5,6]. And Tikhonov regularization method is used. However, there
is too much computation in Tikhonov regularization method since the solution of an Euler equation is required.

The ill-posedness in the one dimensional case is considered in [9]. And the regularized Fourier series

N 00 inHw
fulw) =ny —LnHe Pa()

=1+ 2mo + 2mo(ny Hy )

in [9] is given based on the regularized Fourier transform

) f(t) eiwtdt
oo 14+ 2700 + 271002

]:am:

in [10].

In this paper, we will find a reliable algorithm for this ill-posed problem using a two dimensional regularized Fourier
series.

In Section 2, the ill-posedness is discussed in the two dimensional case. In Section 3, the regularized Fourier series and the
proof of its convergence property are given. The bias and variance of regularized Fourier series are given in Section 4. The
algorithm and the experimental results of numerical examples are given in Section 5. Finally, the conclusion is given in Sec-
tion 6.

2. The Ill-posedness

We will first study the ill-posedness of the problem (3) in the noisy case (4). The concept of ill-posed problems was intro-
duced in [11]. Here we borrow the following definition from it:

Definition 2.1. Assume A:D — U is an operator in which D and U are metric spaces with distances pp(x,*) and py(x, ),
respectively. The problem

Az=u, (6)

of determining a solution z in the space D from the “initial data” u in the space U is said to be well-posed on the pair of metric
spaces (D, U) in the sense of Hadamard if the following three conditions are satisfied:

(i) For every element u € U there exists a solution z in the space D; in other words, the mapping A is surjective.
(ii) The solution is unique; in other words, the mapping A is injective.
(iii) The problem is stable in the spaces (D,U): Ve > 0,35 > 0, such that

py(Ur,Uz) < 9= pp(z1,22) < €.

In other words, the inverse mapping A~ is uniformly continuous.

Problems that violate any of the three conditions are said to be ill-posed.

In this section, we discuss the ill-posedness of Af = f on the pair of Banach spaces (L?[-Q1, Q] x [-Qy,Q,],17(Z%)), where
f(w1,w2) is given by the Fourier series (3).

The operator A in (6) is defined by the following formula:

Af =, )
where f = {f(n1Hy,nyH,) : 1y € Z,mp € Z}.
As usual, I is the space {a(n) : n € Z*} of bounded sequences. The norm of I* is defined by

llal|p- = supla(n)].
nez?



Download English Version:

https://daneshyari.com/en/article/4627654

Download Persian Version:

https://daneshyari.com/article/4627654

Daneshyari.com


https://daneshyari.com/en/article/4627654
https://daneshyari.com/article/4627654
https://daneshyari.com

