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1. Introduction

A logistic differential equation with stochastic perturbation, or shortly, a stochastic logistic equation, is a system of the
form
N(t
dN(t) = N(¢) (1 - %) [rdt + odB(t)). (1)
It has been studied by many authors as population growth model of a single species (see [1-3]). N(t) denotes the population
density at time ¢, r is called the intrinsic rate of growth and K is the carrying capacity assumed to be positive. B(t) is a stan-
dard Brown motion representing the effects induced by the environmental noise on the natural growth. ¢ is the intensity of
the noise. Considering the influence of environment, Golec and Sathananthan [4] assume that the coefficients of the model
are time-varying and they investigate the stability of non-autonomous randomized population model
N(t)
dN(t) =N(t)( 1 K [r(t)dt + a(t)dB(t)], (2)
where r(t) and o(t) are both continuous functions on [0, +cc). By assuming that r(t) = r,d(t) = ¢ and 0 < Np < K, known
results presented in [1] and [4] are as follows.

(A1) If r < =102, then lim,_..N(t) = K, a.s. (almost surely);
(A2) If r > 102, then lim,_.N(t) = 0, a.s.
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In [5,6], the Allee effect is considered on solution of the stochastic population model.
The determined version of (1) is like % =rN(t) (1 - %) It is violated for nearly all populations, e.g. for a food-limited

population. An experiment analysis done by Smith [7] shows the classical logistic model does not fit experimental data very

well, and suggested a modification of the logistic equation: M = rN(t) i(”) where C = —_[ate of_increase with unlimited food _ jq 5

K+CN(t rate of replacement of mass in thesaturation
nonnegative constant denoting the delayed effects of the food-limited on the growth of the population. From then on, a lot of
authors consider the effect of the food-limited on modified logistic model. The existence, uniqueness, and global stability of
positive solutions, periodic solutions and Hopf bifurcation of the deterministic food-limited logistic equation have been
investigated (see, for example, [8-12]). In [13], Jiang et al. study a randomized logistic equations with food-limited effect
of the form

dN(t) = N(t) K=N (t)) [rdt + adB(t)], 3)

K+ CN(t

where C,r,0 € [0,00) are both constants. They get the following result.

Theorem A. Let N(t) be a continuous positive solution to Eq. (3) for any initial value N(0) = No with 0 < Ng < K. If r > 02, then
limt_.ooE{(N(t) - 1<)2} —0.

Here, E(X) denotes the expectation of X. In the sequel, L'[0, cc) denotes the family of all the continuous and integrable
functions on [0, +00). Z* = {1,2,3,...}.

By comparing the above results, we conjecture that lim,_...E| (N(t) — K)?| = 0 may be deduced from the condition r > 102,
and the food-limited assumption may affect the condition for stability of the equilibrium. Almost sure persistence and
extinction is also important problem for study of the population modeled by (3), but no results are found by the authors
up to now. In reality, due to the influence of environmental changes, such as changes in weather, habitat destruction and
exploitation, the expanding food surplus and other factors, the growth rate and the noise intensity in model (3) may be
time-independent (see, for example, [4,14-16]). An interesting problem is whether the time-varying coefficients assumption
can be useful for obtaining some results different from that in [13]. Motivated by the above, in this paper, the authors will
mainly focus on finding the conditions for the persistence and extinction of population modeled by the non-autonomous
randomized food-limited population equation

K — N(t)
dN(t) = N(t) ——=-—[r(t)dt + a(t)dB(t)], 4
(0= N(O) e oy MO+ (OB (4)
where r(t) and o(t) are both bounded and continuous functions on [0, +o0).
Note that (4) has two equilibria: 0 and K.

1.1. Deterministic food-limited logistic population model

Before statement of the main results, we list the properties of the deterministic logistic model with food-limited assump-
tion for comparison later. Consider
dN(t) K — N(t)
i~ "ONOR TN )
It’s clear that 0 and K are also the equilibria of the deterministic logistic model (5). The following is mainly about the con-
ditions for convergence of the solution to the equilibrium.

Theorem 1.1. Let N(t) be a solution of Eq. (5) with N(0) = N > 0. If lim;_,, fé r(s)ds = oo, then lim;_ . N(t) = K.

Proof. Let N(t) be a solution of (5). It is obvious if there is t, > 0 such that N(to) = K, then N(t) = K for all t > t,. Note that
N(t) < K implies that % > 0, and N(t) > K implies that % < O0for Ng > 0, if N(t) # K for all £ > 0, the solution of (5) can be
presented as

N(t) — NO efot r(s)ds.
IK — N(t)|""¢ |k — No|"*¢

Therefore, if lim;_ . ,[; r(s)ds = oo, then lim,_. N(t) = K. The proof is complete. O

Corollary 1.2. Let N(t) be a solution of Eq. (5) with N(0) = Ny € (0,K), then 0 < N(t) < K for all t € R* and the following results
hold:

(i) lim,_.N(t) = 0 if and only if lim,_., jé r(s)ds = —co holds.
(i) lim._..N(t) = K if and only if lim,_... [, 7(s)ds = oo holds.
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