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a b s t r a c t

A class of binary convergent schemes with several parameters is proposed based on eigen-
values of their difference matrices and the relation between the subdivision schemes and
the difference schemes. Then multi-parameter binary subdivision schemes with arbitrary
order continuity can be devised according to the conditions for Ck continuity. Some existing
subdivision schemes and new geometrically asymmetric ones can be obtained by setting
values of parameters and a few illustrative application examples are presented. The
method of designing binary multi-parameter subdivision schemes with high continuity
can be generalized to design smooth a-ary subdivision schemes.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Subdivision scheme defines a curve out of an initial control polygon or a surface out of an initial control mesh by subdi-
viding them according to some refining rules recursively. Due to its efficiency and convenience, subdivision is an important
subject with many applications in many fields such as Computer Graphics, Computer Aided Geometric Design, and Computer
Animation. Subdivision schemes can be classified in approximating and interpolating schemes. Constructing of smooth sub-
division schemes is an interesting topic in the field of subdivision scheme. In general, approximating schemes produce
smoother curves or surfaces. Many methods for designing smooth subdivision schemes have been presented.

The first approximating subdivision scheme was introduced by Chaikin in [1] and its C1 smoothness was proved later in
[2]. The first interpolating subdivision scheme, the 4-point binary interpolatory subdivision scheme with a tension param-
eter which provided design flexibility, was proposed by Dyn et al. in [3] which generates C1 curves. Both have been general-
ized to the smooth subdivision surface modeling in [4–7]. Dyn, Levin and Micchelli investigated how to increase smoothness
of curves and surfaces using proper parameters in [8]. Siddiqi et al. also paid attention to the role of subdivision parameters
and presented modified 3-point subdivision schemes with one parameter in [9,10] based on the results presented in [11] and
other references.

Siddiqi and Ahmad also presented a 5-point approximating subdivision scheme with one parameter w based on B-spline
basis functions in [12], which generates C4 curves when setting w ¼ 1

4. Hassan et al. presented a 4-point ternary interpolating
subdivision scheme with one parameter in [13], which generates C2 curves. Ghaffar and Mustafa presented a family of odd-
point ternary approximating subdivision schemes with one parameter in the form of the Laurent polynomial in [14]. Zheng
et al. constructed (2n � 1)-point ternary interpolatory subdivision schemes with parameters by using variation of constants
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in [15]. Lian introduced a-ary subdivision schemes with a parameter for curves designing in [16], which was derived from
scale functions, a notion from the content of wavelets and so on.

In [17], the authors discussed the designing of convergent subdivision schemes with two or three parameters by
analyzing the eigenvalues of its difference matrix corresponding to Laurent polynomials D(z) = (a1z + a0)(z + 1)m and
D(z) = (a2z2 + a1z + a0)(z + 1)m.

In this paper we would like to explore the general case of more parameters. We firstly present some properties about the
eigenvalues of the difference matrix corresponding to the Laurent polynomial

DðzÞ ¼ ðanzn þ an�1zn�1 þ � � � þ a1zþ a0Þðzþ 1Þm; m 2 Nþ:

Then according to the relations of the subdivision schemes, the difference schemes and the conditions for Ck continuity, we
design multi-parameter subdivision schemes with high continuity based on eigenvalues of their difference matrices and the
properties of the eigenvalues. Multi-parameter subdivision schemes have more degree of freedom than ones with
one-parameter and no parameters in geometric modeling. We can control the shape of the limit curves by controlling the
parameters. Moreover, if we set values of parameters suitably, we can obtain some classical subdivision schemes, for
example, the Chaikin corner-cutting subdivision scheme introduced in [1], and the 4-point binary interpolatory subdivision
scheme presented in [3], and some other existing subdivision schemes. We can also design some new symmetric or asym-
metric smooth subdivision schemes.

2. Preliminaries

A general compact form of univariate binary subdivision scheme S which maps polygon pk ¼ fpk
i gi2Z to a refined polygon

pkþ1 ¼ fpkþ1
i gi2Z is defined by

pkþ1
j ¼

X
i2Z

aj�2ipk
i ; i 2 Z;

where the set a ¼ faj; j 2 Zg of coefficients is called the mask of the scheme.
The above subdivision process can be indicated as pk+1 = Spk by a matrix S which is called the subdivision matrix satisfying

S2jþi;j ¼ ai; i 2 Z; j 2 Z. We also call the original subdivision scheme S because it is corresponding to this matrix S.
The polynomial S(z) =

P
iaiz

i which is determined by the mask is called the generating polynomial of the subdivision
scheme S.

Theorem 1 [18]. Let S be a convergent binary subdivision scheme with mask a, then

X
j

a2j ¼
X

j

a2jþ1 ¼ 1:

From Theorem 1 we know that we need S(1) = 2 to get a convergent binary subdivision scheme.

Let D be backward difference operator. The set of difference vectors is

Dpj ¼ fðDpjÞi ¼ pj
i � pj

i�1; i 2 Zg:

We analyze the subdivision process of the difference vectors and obtain a difference scheme which can be indicated as
Dpj+1 = DDpj, where D is the subdivision matrix for this process, and we call it a difference matrix.

Theorem 2. Let S be a subdivision scheme with the generating polynomial S(z) and D(z) be the generating polynomial of its
difference scheme, where DðzÞ ¼

P
idizi; di ¼ D2jþi;j; i 2 Z; j 2 Z. The relation between the subdivision matrix S and the difference

matrix D can be indicated using the relation S(z) = (1 + z)D(z).

Proof. Define pjðzÞ ¼
P

i2Zpj
iz

i, which is called a generating function. Since pkþ1
j ¼

P
i2Zaj�2ipk

i , then we haveP
j2Zpkþ1

j zj ¼
P

j2ZzjP
i2Zaj�2ipk

i ¼
P

j2Zaj�2izj�2iP
i2Zpk

i z2i, that is pk+1(z) = S(z)pk(z2). Since Dpj+1 = DDpj, we haveX
i

ðDpjþ1Þizi ¼
X

i

ðDDpjÞizi:

The left of the above equation is equal to
P

iðp
jþ1
i � pjþ1

i�1Þzi ¼ ð1� zÞpjþ1ðzÞ, and the right is equal to

X
i

X
k

di�2kðDpjÞkzi ¼
X

i

di�2kzi�2k
X

k

ðpj
k � pj

k�1Þz
2k ¼

X
i

di�2kzi�2k
X

k

pj
kz2k � z2

X
k

pj
k�1z2ðk�1Þ

 !
¼ DðzÞð1� z2Þpjðz2Þ:

Since both sides are equal and pj+1(z) = S(z)pj(z2), so Theorem 2 holds. h
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