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a b s t r a c t

For a simple graph G, a vertex labeling / : VðGÞ ! f1;2; . . . ; kg is called k-labeling. The
weight of an edge xy in G, denoted by w/ðxyÞ, is the sum of the labels of end vertices x
and y, i.e. w/ðxyÞ ¼ /ðxÞ þ /ðyÞ. A vertex k-labeling is defined to be an edge irregular k-
labeling of the graph G if for every two different edges e and f there is w/ðeÞ – w/ðf Þ.
The minimum k for which the graph G has an edge irregular k-labeling is called the edge
irregularity strength of G, denoted by esðGÞ.

In this paper, we estimate the bounds of the edge irregularity strength and determine the
exact value for several families of graphs.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let G be a connected, simple and undirected graph with vertex set VðGÞ and edge set EðGÞ. By a labeling we mean any map-
ping that maps a set of graph elements to a set of numbers (usually positive integers), called labels. If the domain is the ver-
tex-set or the edge-set, the labelings are called respectively vertex labelings or edge labelings. If the domain is VðGÞ [ EðGÞ then
we call the labeling total labeling. Thus, for an edge k-labeling d : EðGÞ ! f1;2; . . . ; kg the associated weight of a vertex
x 2 VðGÞ is

wdðxÞ ¼
X

dðxyÞ;
where the sum is over all vertices y adjacent to x.

Chartrand et al. in [11] introduced edge k-labeling d of a graph G such that wdðxÞ – wdðyÞ for all vertices x; y 2 VðGÞ with
x – y. Such labelings were called irregular assignments and the irregularity strength sðGÞ of a graph G is known as the mini-
mum k for which G has an irregular assignment using labels at most k. This parameter has attracted much attention
[3,5,10,12,13,17,19].

Motivated by these papers, Bača et al. in [8] defined a vertex irregular total k-labeling of a graph G to be a total labeling of
G; u : VðGÞ [ EðGÞ ! f1;2; . . . ; kg, such that the total vertex-weights

wtðxÞ ¼ uðxÞ þ
X

xy2EðGÞ
uðxyÞ

are different for all vertices, that is, wtðxÞ– wtðyÞ for all different vertices x; y 2 VðGÞ. The total vertex irregularity strength of
G; tvsðGÞ, is the minimum k for which G has a vertex irregular total k-labeling. They also defined the total labeling
u : VðGÞ [ EðGÞ ! f1;2; . . . ; kg to be an edge irregular total k-labeling of the graph G if for every two different edges xy and
x0y0 of G one has wtðxyÞ ¼ uðxÞ þuðxyÞ þuðyÞ – wtðx0y0Þ ¼ uðx0Þ þuðx0y0Þ þuðy0Þ. The total edge irregularity strength,
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tesðGÞ, is defined as the minimum k for which G has an edge irregular total k-labeling. Some results on the total vertex irreg-
ularity strength and the total edge irregularity strength can be found in [1,2,4,6,7,9,15,16,18,21–23].

Combining both previous modifications of the irregularity strength, Marzuki et al. [20] introduced a new irregular total k-
labeling of a graph G called totally irregular total k-labeling, which is required to be at the same time vertex irregular total and
also edge irregular total. They gave an upper bound and a lower bound on the totally irregular total k-labeling, denoted by
tsðGÞ.

The most complete recent survey of graph labelings is [14].
A vertex k-labeling / : VðGÞ ! f1;2; . . . ; kg is called an edge irregular k-labeling of the graph G if for every two different

edges e and f there is w/ðeÞ – w/ðf Þ, where the weight of an edge e ¼ xy 2 EðGÞ is w/ðxyÞ ¼ /ðxÞ þ /ðyÞ. The minimum k
for which the graph G has an edge irregular k-labeling is called the edge irregularity strength of G, denoted by esðGÞ.

In the paper, we estimate the bounds of the parameter esðGÞ and determine the exact values of the edge irregularity
strength for several families of graphs namely, paths, stars, double stars and Cartesian product of two paths.

2. Results

Our first result gives a lower bound of the edge irregularity strength.

Theorem 1. Let G be a simple graph with maximum degree D ¼ DðGÞ. Then

esðGÞP max
jEðGÞj þ 1

2

� �
;DðGÞ

� �
:

Proof. Let / : VðGÞ ! f1;2; . . . ; kg be an edge irregular k-labeling of G. Consider the weights of edges in G. The smallest
among these values is at least 2 and the largest must be at least jEðGÞj þ 1. Since each edge weight is a sum of two labels,
at least one label is at least ðjEðGÞj þ 1Þ=2d e.

Let x be the vertex with maximum degree D. Since weights of all edges incident with the vertex x are distinct, also values
of vertices adjacent to x are all distinct and the largest among them must be at least D. Therefore, esðGÞP DðGÞ. h

From the next two theorems it follows that the lower bound in Theorem 1 is tight.

Theorem 2. Let Pn be a path on n P 2 vertices. Then esðPnÞ ¼ dn=2e.

Proof. Let Pn be a path with the vertex set VðPnÞ ¼ fxi : 1 6 i 6 ng and the edge set EðPnÞ ¼ fxixiþ1 : 1 6 i 6 n� 1g. According
to Theorem 1 we have that esðPnÞP dn=2e. To prove the equality, it suffices to prove the existence of an edge irregular dn=2e-
labeling.

Let /1 : VðPnÞ ! f1;2; . . . ; dn=2eg be the vertex labeling such that

/1ðxiÞ ¼
i
2

� �
; for 1 6 i 6 n:

Since w/1 ðxixiþ1Þ ¼ /1ðxiÞ þ /1ðxiþ1Þ ¼ iþ 1, for 1 6 i 6 n� 1, so the edge weights are distinct for all pairs of distinct edges.
Thus, the vertex labeling /1 is an edge irregular dn=2e-labeling. This completes the proof. h

Theorem 3. Let K1;n be a star on nþ 1 vertices, n P 1. Then

esðK1;nÞ ¼ n:

Proof. Let x be the central vertex of the star K1;n and x1; x2; . . . ; xn be the other vertices. From Theorem 1 it follows that
esðK1;nÞP n. For the converse, we define a vertex n-labeling /2 as follows:

/2ðxÞ ¼ 1 and /2ðxiÞ ¼ i; for i ¼ 1;2; . . . ;n:

We can see that the labeling /2 is an edge irregular n-labeling, which implies the assertion. h

The next theorem shows a relationship between the edge irregularity strength and the total edge irregularity strength.

Theorem 4. Let G be a simple graph. Then tesðGÞ 6 esðGÞ.

Proof. Let / : VðGÞ ! f1;2; . . . ; esðGÞg be an edge irregular esðGÞ-labeling. We extend the vertex labeling / to the total label-
ing u in such a way that
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