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a b s t r a c t

We prove that a regular nonnegative doubly infinite matrix preserves all monotonicities of
double sequences if and only if it is a conservative double Haudorff matrix with all nonneg-
ative entries.

� 2014 Elsevier Inc. All rights reserved.

Let A ¼ ðamnkjÞ be a doubly infinite matrix. Then A is called a double triangle if amnjk ¼ 0 for all j > m or k > n. Let x ¼ fxmng
be a sequence of real numbers, and define the forward difference operators Dm

10 and Dn
01 by

D10xjk ¼ xjk � xjþ1;k; Dmþ1
10 ¼ D10 Dm

10xjk
� �

and

D01xjk ¼ xjk � xj:kþ1; Dnþ1
01 xjk ¼ D01 Dn

01xjk

� �
:

Using an induction argument it can be shown that

Dm
10D

n
01xjk ¼

Xm

i¼0

Xn

‘¼0

ð�1Þiþ‘
m

i

� �
n

‘

� �
xjþi;kþ‘; m;n ¼ 0;1;2; . . . : ð1Þ

The matrix A is said to preserve all monotonicities if any kind of monotonic behavior is transferred to y ¼ fymng, where

ymn ¼
Xm

j¼0

Xn

k¼0

amnjkxjk:

Also, if, for any m; n P 0; Dm
10D

n
01xjk P 0 (in which case we shall say that x is mn-convex) then one must have

Dm
10D

n
01yjk P 0 for all i and j.

A double Hausdorff matrix is a double triangle with nonzero entries

hmnjk ¼
m

j

� �
n

k

� �
Dm�j

10 Dn�k
01 ljk; ð2Þ

where fljkg is an arbitrary sequence of real or complex numbers, and the differences are defined by (1).
Since we will be concerned with preserving monotonicities we shall use only real number sequences.
Adams [1] has stated that, for any double Hausdorff matrix,
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Xm

j¼0

Xn

k¼0

hmnjk ¼ l00:

Using (1) and (2) can be written in the form

hmnjk ¼
m

j

� �
n

k

� �Xm�j

i¼0

Xn�k

‘¼0

m� j

i

� �
n� k

‘

� �
ð�1Þiþ‘liþj;‘þk: ð3Þ

If one defines the double matrix d by

dmnjk ¼ ð�1Þkþj m
j

� �
n
k

� �
;

Lemma 1. A double Hausdorff matrix H has the representation

H ¼ dkd;

where k ¼ ðkmnjkÞ is the double diagonal matrix with kmnjk ¼ 0 except when j ¼ m and k ¼ n, and kmnmn ¼ lmn.

Proof.

ðkdÞmnrs ¼
Xm

i¼r

Xn

j¼s

kmnijdijrs ¼ lmnDmnrs

and

ðdkdÞmnjk ¼
Xm

i¼j

Xn

‘¼k

ð�1Þiþ‘
m

i

� �
n

‘

� �
li‘

i

j

� �
‘

k

� �
:

Setting r ¼ i� j and s ¼ ‘� k,

ðdkdÞmnjk ¼
Xm�j

r¼0

Xn�k

s¼0

ð�1Þrþjþsþk m

r þ j

� �
n

sþ k

� �
lrþj;sþk

r þ j

j

� �
sþ k

k

� �
:

Note that

m

r þ j

� �
r þ j

j

� �
¼

m

j

� �
m� j

r

� �

and

n

sþ k

� �
sþ k

k

� �
¼

n

k

� �
n� k

s

� �
:

Therefore

ðdkdÞmnjk ¼
m

j

� �
n

k

� �Xm�j

r¼0

Xn�k

s¼0

ð�1Þrþj m� j

r

� �
n� k

s

� �
lrþj;sþk ¼ hmnjk: �

Lemma 2. d�1 ¼ d.

Proof. It will be sufficient to prove that d2 ¼ I.

d2
mnjk ¼

Xm

i¼j

Xn

‘¼k

dmni‘di‘jk ¼
Xm

i¼j

Xn

‘¼k

ð�1Þiþ‘
m

i

� �
n

‘

� �
ð�1Þjþk i

j

� �
‘

k

� �
¼
Xm�j

r¼0

Xn�k

s¼0

ð�1Þrþs m

r þ j

� �
n

sþ k

� �
jþ r

j

� �
sþ k

k

� �

¼
m

j

� �
n

k

� �Xm�j

r¼0

Xn�k

s¼0

ð�1Þrþs m� j
r

� �
n� k

s

� �
¼

m

j

� �
n

k

� �
ð1� 1Þm�jð1� 1Þn�k ¼

1; j ¼ m; n ¼ k

0; otherwise: �

�

Lemma 3. Suppose that a; b and c are real sequences such that

Dm
10D

n
01a00 ¼ bmnD

m
10D

n
01c00: ð4Þ
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