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ARTICLE INFO ABSTRACT

Keywords: In this article, we propose a super accurate numerical scheme to solve the one-dimensional
Sobolev-type equation Sobolev type partial differential equation with an initial and two nonlocal integral bound-
Hyperbotlllcdequatlon ary conditions. Our proposed methods are based on the shifted Standard and shifted
Tau metho

» Chebyshev Tau method. Firstly, We convert the model of partial differential equation to
ggfltlsgasltzgggfg%’azgndmon a linear algebraic equation and .then we §01ve this system_. Shifted Standard a_nd shifted
Shifted Chebyshev base Chebyshev polynomials are applied for giving the computational results. Numerical resulFs

are presented for some problems to demonstrate the usefulness and accuracy of this
approach. The method is easy to apply and produces very accurate numerical results.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The first results on differential equations with nonlocal integral condition were obtained by Cannon [1] and Batten [2]
independently. These nonlocal conditions arise mainly when the data on the boundary cannot be measured directly. Since
certain problems of modern physics and technology can be effectively described in terms of nonlocal problems for partial
differential equations, then recently these types of equations have been given considerable attention, and various methods
have been developed for the treatment of these equations. Theoretical discussions of partial differential equations with non-
local boundary conditions have been studied in [3-5]. Authors of [6-11] presented some numerical methods for solving
these type of equations. Some matrix formulation techniques are proposed for the numerical computation of Heat, Wave
and Telegraph equations with integral boundary conditions [12-14].

In this study, we focus on the following Sobolev-type equation given in [11] as

Ur — gy — P = f(X,8), 0<x<1, >0, (1)
with the initial condition
ux,0)=r(x), 0<x<1 (2)

and nonlocal boundary conditions
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u(0,t) = /O1 aX)u(x,t)dx +p(t), t>0, (3)

u(l,t):/Olb(x)u(x,t)dx+q(t), £>0, (4)

where the functions f(x,t),r(x),a(x),b(x),p(t) and q(t) and the constants « and B are known and u(x,t) is an unknown
function.

Sobolev-type differential equations appears in a variety of physical problems such as flow of fluid through fissured rocks,
thermodynamics and propagation of long waves of small amplitude.

The first discussion on Sobolev equation was provided in [19]. Authors of [20,21], presented the existence of solutions of
semilinear evolution equations of Sobolev type in Banach space. In [22], the existence of mild and strong solutions of non-
local integro-differential Sobolev type equation was proved by using semigroup theory and Schauder fixed point theorem.
Bouziani Abdelfatah and Nabil [23], discussed the theoretical of above type equations by applying the Rothe time discreti-
zation method. There are only few papers dealing with the numerical methods to solve Sobolev type partial differential
equations with nonlocal boundary conditions. Recently, Dubey presented a numerical approximate solution based on the
Laplace transform method for the Eqgs. (1)-(4) [11].

The aim of this research is presenting a numerical method for solving Egs. (1)-(4) by using shifted Standard and shifted
Chebyshev Tau method with a very hight accuracy. The concept of the Tau method was first proposed by Ortiz and Samara
[26] that they proposed an operational technique for the numerical solution of nonlinear ordinary differential equations with
some supplementary conditions based on the Tau Method [27]. Then this technique has been described for the case of linear
ordinary differential eigenvalue problems [28], integro-differential equations [29-32], partial differential equations [33,34]
and for the iterated solutions of linear operator equations [35]. Similar works can be found in [15-18,24,25,36,37].

2. Reformulation of the problem
In this section, we approximate the functions f(x, t), r(x), a(x), b(x), p(t) and q(t) by using two variate Taylor and Cheby-

shev series. We suppose that these functions are given smooth real valued functions, then they can be approximated by poly-
nomials to any degree of accuracy. To this end, we have

fx,t) ~ iifijui(x)wj(t) =0"Fw, 1)~ ir,-v,-(x) =R,
i=0

i=0 j=0

ax) ~ Zn:aiu,-(x) =0TA, b(x)~ ib,v,»(x) =0"B, (5)
i=0 i=0

p(t) ~ > piwi(t) = Po, q(t) =~ gioy(t) = Qu,
=0 =0

where

R:[ro,r1,r2,...,rn]T, A:[ao,al,az,...,an]T, B:[bo7b1~,b2,~~,bn]T~,
P:[vap17p27"'7pm]s Q:[q07q17q2""7Qm}7 (6)
F=[Fo,F1,Fs,....Fnl, Fi=1[fo.fis. S, Sul' s §=0,1,2,...,m.

Then, we consider the approximate solution of the above problem in the following form:

Unm(x,t) = > > udi(x)wj(t) = v'Uo, (7)
=0 j=0
where
U=[Uo,Uy,Uy,...,Up (8)
and
Uj = [toj, Urj, Uaj, - - -, Unj] -

The matrix Uis an (n+ 1) x (m + 1) matrix which contains (n + 1) x (m + 1) unknown coefficients. We utilize the following
proceed for finding these unknowns.
By using Eqgs. (5) and (7) in initial condition, we obtain

vTUw(0) = V'R,

then we have
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