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Mathematical Institute of the Serbian Academy of Sciences, Knez Mihailova 36/III, 11000 Beograd, Serbia
Department of Mathematics, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia

a r t i c l e i n f o

Keywords:
Functional-differential equation
Bounded solution
Stability

a b s t r a c t

We give some sufficient conditions under which the zero solution of the next functional-
differential equation

x0ðtÞ ¼ axðtÞ þ bxðs0ðtÞÞ þ
Xk

j¼1

cjx0ðsjðtÞÞ þ f ðxðtÞ; xðskþ1ðtÞÞ; . . . ; xðskþlðtÞÞÞ;

where a; b; cj; j ¼ 1; k are real numbers, f : Rlþ1 ! R is a continuous function such that
f ð0; . . . ;0Þ ¼ 0, and sjðtÞ 2 C2½0;1Þ; j ¼ 0; kþ l, is asymptotically stable.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Studying functional-differential equations or systems is a topic of a great interest (see, for example, [1–13,15–22,27–35]
and the related references therein). Among them equations and systems which are not solved or are partially solved with
respect to the highest derivatives of dependent variables is an area of a considerable interest (see, for example, [2,3,5,6,8–
13,16–22,27–32,34,35] and the related references therein).

Special cases of the next functional-difference equation

x0ðtÞ ¼ axðtÞ þ bxðsðtÞÞ þ cx0ðsðtÞÞ þ f ðxðtÞ; xðsðtÞÞÞ; ð1Þ

where t belongs to an interval I # R; a; b; c are real numbers, f : R2 ! R is a continuous function, and sðtÞ is a deviation func-
tion, have attracted some attention (see, for example, [2,3,7,8,13,15,18]).

Asymptotic behavior of solutions of equation (1) when sðtÞ ¼ dt; c ¼ 0, and f � 0 was studied in [15]. Case
sðtÞ ¼ dt; a ¼ 0; c ¼ 0, and f � 0, was investigated in [7]. The existence of analytic almost periodic solutions of the equation
when sðtÞ ¼ dt; c ¼ 0, and f � 0 was considered in [13]. Case jcj > 1 was studied by Pelyukh and Sharkovskii in [18]. They gave
a representation of general solution of the equation when jcj > 1. In [8] were given some results on the existence of bounded
and finite solutions of equations with linearly transformed argument. Paper [2] presents majorants for solutions of the equa-
tion. In [3] were given some sufficient conditions under which zero solution of the equation is asymptotically stable.

Motivated by this line of investigations and our idea of studying complex mathematical models, frequently based on some
iterations (see, e.g., [14,23–30]), here we study stability of the zero solution of the following functional-differential equation
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x0ðtÞ ¼ axðtÞ þ bxðs0ðtÞÞ þ
Xk

j¼1

cjx0ðsjðtÞÞ þ f ðxðtÞ; xðskþ1ðtÞÞ; . . . ; xðskþlðtÞÞÞ ð2Þ

on the interval ½1;þ1Þ, where a; b; cj; j ¼ 1; k are real numbers, f : Rlþ1 ! R is a continuous function, and sjðtÞ; j ¼ 0; kþ l are
functions in the space C2½0;1Þ such that

sjð0Þ ¼ 0; j ¼ 0; kþ l; ð3Þ

0 < inf
t P 0

s0jðtÞ 6 sup
t P 0

s0jðtÞ < 1; j ¼ 0; kþ l ð4Þ

and that the function

sðtÞ :¼ min
j¼0;kþl

sjðtÞ ð5Þ

is a C1 function on the interval Rþ :¼ ½0;þ1Þ.

2. Main result

In this section we formulate and prove the main result in this note.

Theorem 1. Assume that the following conditions hold:

(a) a < 0; b; cj 2 R, j ¼ 1; k;
(b) f : Rlþ1 ! R is a continuous function such that f ð0; . . . ;0Þ ¼ 0 and

jf ðx1; . . . ; xlþ1Þ � f ðy1; . . . ; ylþ1Þj 6
Xlþ1

j¼1

LjðrÞjxj � yjj ð6Þ

for every xj; yj; j ¼ 1; lþ 1, such that maxj¼1;lþ1fjxjj; jyjjg 6 r, where the functions LjðrÞ, j ¼ 1; lþ 1, are defined on ½0;þ1Þ and

such that LjðrÞ ! 0 as r! 0; j ¼ 1; lþ 1;
(c) functions sjðtÞ; j ¼ 0; kþ l, are C2 functions satisfying conditions (3) and (4), and sðtÞ defined in (5) is a C1 function;
(d) the following two quantities

b :¼ sup
t P 1

jbj þ
Xk

j¼1

acj

s0jðtÞ
þ

cjs00j ðtÞ

s0jðtÞ
� �2

�������
�������

0B@
1CA;

c :¼ sup
t P 1

Xk

j¼1

cj

s0jðtÞ

�����
�����; ð7Þ

satisfy the next condition

cþ b
jaj < 1: ð8Þ

Then the zero solution of equation (2) is asymptotically stable.

Proof. Multiplying Eq. (2) by e�at we obtain

xðtÞe�at
� �0 ¼ bxðs0ðtÞÞ þ

Xk

j¼1

cjx0ðsjðtÞÞ þ f ðxðtÞ; xðskþ1ðtÞÞ; . . . ; xðskþlðtÞÞÞ
 !

e�at:

By integrating this equality from 1 to t, it follows that

xðtÞ ¼ eat xð1Þe�a þ
Z t

1
e�as bxðs0ðsÞÞ þ

Xk

j¼1

cjx0ðsjðsÞÞ þ f ðxðsÞ; xðskþ1ðsÞÞ; . . . ; xðskþlðsÞÞÞ
 !

ds

 !
: ð9Þ

By using the integration in parts we have that

Z t

1
e�asx0ðsjðsÞÞds ¼ e�asxðsjðsÞÞ

s0jðsÞ

�����
t

1

þ
Z t

1
e�as a

s0jðsÞ
þ

s00j ðsÞ

s0jðsÞ
� �2

0B@
1CAxðsjðsÞÞds ð10Þ
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