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Keywords: In this note, we consider sufficient conditions for the regularity of Leray Hoph Hopf
Magneto-hydrodynamic equations solutions of the 3D incompressible magnetohydrodynamic equations via the velocity and
BMO space magnetic fields in terms of BZ!_ spaces. We prove that if (V x u, V x B) belongs to the
Weak solution ) oo

Regularity criterion space [ (O, T; B;l_x(l]@)), then the solution (u,B) is regular. This extends recent results

contained in Gala (2011) [3].
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1. Introduction

We are interested in the regularity of weak solutions to the viscous incompressible magnetohydrodynamics (MHD) equa-
tions in R3

dutt+ (V) — (BV)B ~ Au+V (p+5[B]) = 0,
9B+ (u.V)B — (B.V)u — AB = 0, (1.1)
Vu=VB=0

with the following initial conditions

{u(& 0) = uo(x),

B(x,0) = By(x), (1.2)

where x € R® and t > 0. Here u = (uy,uy,u3), B=(B1,B,,B;) and P=p +%|B|2 are non-dimensional quantities correspond-
ing to the flow velocity, the magnetic field and the total kinetic pressure at the point (x, t), while uy(x) and By (x) are the given
initial velocity and initial magnetic field with V.up = 0 and V.By = 0, respectively. This model describes some important
physical phenomena. In particular, for a plasma composed of two types of fluids and formed by ions and electrons, this model
can explain the phenomena of fast magnetic reconnection such as in solar flares which cannot be characterized appropriately
by the one-fluid magnetohydrodynamics (see e.g. [1,2]).
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It is well-known [9] that the problem (1.1) is locally well-posed for any given initial data uo, By € H*(R®), s > 3, where
H*(R®) denotes the usual Sobolev space. But whether this unique local solution can exist globally is an outstanding challenge
problem. Some fundamental Serrin’s-type regularity criteria in term of the velocity only was done in [5]. Recently, some
improvement and extension was made based on these two basic papers. Part of them are listed here: Chen et al. [3] proved
regularity by adding condition on the velocity in the Besov spaces; Zhou and Gala [10] proved regularity for u and Vu in the
multiplier space.

For the Navier-Stokes equations, recently, Gala [4] establishes a regularity criterion involving the integrability of V x u u
in terms of the Besov spaces B,  and

o=V xuel’(0,T;B] (R?)). (13)

In this paper, inspired by the paper of Gala [4], we prove a regularity criterion (V x u,V x B) € L? (O,T; B;TX(W)) for
weak solutions to the MHD equations in three-space dimensions. It is a natural way to extend the space widely and improve
the previous results.

2. Preliminaries and main result

We begin this section with some notations and lemmas used later. Let e* denote the heat semi-group defined by
3 x|
e'f =K, +f, K (x)= (4nt)2exp A

for t > 0 and x € R?, where * means convolution of functions defined on R3.

We now recall the definition of the homogeneous Besov space with negative indices B;*  on R® with & > 0. It is known
that f € S'(R®) belongs to B* (R?) if and only if e* € L™ for all t > 0 and t#||e‘*f|| _ € L*(0,00;L™). The norm of B*_ is
defined, up to equivalence, by

1fllpr, = sup(ef]jef]]. ).
t>0

The following lemma is essentially due to Meyer-Gerard-Oru [8], which plays an important role for the proof of our
theorem.

Lemma 2.1. let 1 <p<qg<ooands = oc(g - 1) > 0. Then there exists a constant depending only on o, p and q such that the
estimate

If1hs < || -8 115 @1)

holds for all f € H3(R*) n B;%_(R®), where H; denotes the homogeneous Sobolev space.
In particular, fors =1, p=2 and q = 4, we get « = 1 and

1 1
f 1l < CIFIG 1IN (2.2)
for all f € H'(R®) N B _(R?).
Let us recall by Biot-Savart law, for the solenoidal vectors u, the following representation:
ou

asz(Rxw), j=1,2,3, where w=V xu, (2.3)
j

where R = (R1,R2,R3) and R; = BLX’J_(—A)’% denote the Riesz transforms. It is known by Jawerth [6] that
IVtllyo < Cllo]ss - (24)
Notice that
feB (W) < VfeB! (®).
Let
00 3 00 313 : 00 313
G, (%) = {p < (G (®))’ div p = 0} € (G5 (#)).
The subspace

L (R%) = Co,(R) e = {u e ’(R?): divu =0}
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