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a b s t r a c t

The effects of applying a constant electric field E to an iodate-arsenous-acid reaction of
mixed order are considered, where the reacting species, A and B, are present. The result-
ing equations are studied in detail by obtaining conditions for the existence and nonex-
istence of travelling waves. By using a novel approach, explicit bounds c�ðD; EÞ and
c�ðD; EÞ are derived such that there is a unique travelling wave of every speed
c P c�ðD; EÞ and there does not exist any travelling wave of speed c < c�ðD;EÞ, where
c�ðD; EÞ and c�ðD; EÞ are two functions of constant electric field E and D, the ratio of
diffusion coefficients of the species A and B. Numerical simulations of the resulting
equations confirm our main results.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

The coupling of a chemical reaction with diffusion and/or ionic migration can, under suitable initiation conditions, give
rise to the propagation of a locally applied stimulus in the form of a travelling wave. Such waves play a fundamental role in
many chemical and biological systems and a detailed consideration of their properties is a necessary pre-requisite for under-
standing the various complex processes involved in such systems.

Recently, considerable efforts have been made in studying travelling waves of reaction–diffusion systems. In [1], it has
been shown that external noise of appropriate intensity alone is sufficient to evoke coherent travelling waves in a similar
reaction–diffusion system. Later, the same has been demonstrated also for internal noise in [2]. It was also shown that trav-
elling waves are robust to periodic forcing in [3], but not robust to rewiring of the regular interaction graph in [4]. It was also
shown that delays can enhance the coherence of travelling waves in [5]. Finally, a more pedagogically oriented introduction
into noise-driven reaction diffusion systems has been presented in [6].

Systems based on the iodate-arsenous-acid reaction have been shown to exhibit travelling waves and have been exten-
sively studied experimentally, see [7–13]. The subsequent studies [14–18] have shown that applying an electric field to this
system alters both the propagation speed of the reaction front and the final outcome of the reaction.

In addition, reaction diffusion systems subject to electric field also emerge naturally in liquid crystals, which has been
studied recently in [19,20]. Traveling waves in the form of coherent dynamical states have been reported as well, and it
has been shown that an external electric field can significantly improve the coherent dynamics of a liquid crystal cell.

In this paper, we shall study the two-dimensional iodate-arsenous-acid reaction with a constant electric field. The system
that governs iodate-arsenous-acid reaction takes the form
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ux þ vy ¼ 0;
wx ¼ � l

K u� gqða; bÞ;
wy ¼ � l

K v ;
at þ uax þ vay þ DAEax ¼ DA 4 a� k1abp � k2abq

;

bt þ ubx þ vby þ DBEbx ¼ DB 4 bþ k1abp þ k2abq

8>>>>>><
>>>>>>:

ð1:1Þ

with an equation of state

qða; bÞ ¼ q0 þ c1aþ c2b;

where q0; c1; c2; q > p > 1 are positive constants. Here w is the pressure, q is the density, u; v are the velocity components in
the x and y directions, respectively, a and b are the concentrations of two chemical species averaged across the gap and
4 ¼ @2=@x2 þ @2=@y2 is the two-dimensional Laplace operator. For the constants, g is the gravitational constant, l is the vis-
cosity of the field, K is the permeability, DA and DB are the diffusion coefficients of reactants A and B, and E is the electric field
strength.

The underlying chemical reaction is the mixture of reaction of the order pþ 1:

Aþ pB! ðpþ 1ÞB with rate k1abp
;

and reaction of the order qþ 1:

Aþ qB! ðqþ 1ÞB with rate k2abq
;

where A and B represent, respectively, IO�3 and I� with concentrations a and b, and k1; k2 are the rate constants.
With the introduction of stream function w, elimination of pressure from the equations and dimensionless transforma-

tion, we derive

4w ¼ � c1ay þ c2by
� �

;

at þ C wyax � wxay
� �

¼ 4a� Eax � abp � kabq
;

bt þ C wybx � wxby
� �

¼ D4 b� DEbx þ abp þ kabq
;

8><
>: ð1:2Þ

where D ¼ DB=DA, k is proportional to k2=k1, E ¼ constant� E, and C a parameter proportional to the field-free pressure dif-
ference of reactant and product.

Since we are mainly interested in the existence and nonexistence of planar travelling wave, we shall only consider the
one-dimensional case with the pressure difference C ¼ 0. In this case, the system (1.2) reduces to the following reaction–dif-
fusion system

at ¼ axx � Eax � abp � kabq
;

bt ¼ Dbxx � DEbx þ abp þ kabq
;

(
ð1:3Þ

where a, b are functions of ðx; tÞ; D > 0, E > 0, q > p > 1, k > 0 are constants. For more details, see [16].
For quadratic autocatalytic reaction ðAþ B! 2BÞ, Merkin et al. [15] studied the following reaction–diffusion system

at ¼ axx � Eax � ab;

bt ¼ Dbxx � DEbx þ ab:

�
ð1:4Þ

They obtained the conditions for the existence of travelling waves of system (1.4).
For cubic autocatalytic reaction ðAþ 2B! 3BÞ, Zadražil et al. [16], and Merkin et al. [17] studied the following reaction–

diffusion system

at ¼ axx � Eax � ab2
;

bt ¼ Dbxx � DEbx þ ab2
:

(
ð1:5Þ

In [16], the effects of constant electric fields on the buoyant stability of reaction fronts have been investigated for a range of D
and electric field strength E. In [17], they showed the ranges of D and electric field strength E over which travelling waves do
not exist.

In [18], Merkin considered a general order for the autocatalytic reaction

Aþ pB! ðpþ 1ÞB;

where p P 1. The corresponding reaction–diffusion system takes the form

at ¼ axx � Eax � abp
;

bt ¼ Dbxx � DEbx þ abp
:

(
ð1:6Þ

It was shown that, when the ratio D of diffusion coefficients of autocatalyst and substrate is less than some value D0 (which
depends on p), the effect of a negative electric field is to increase the wave speed of travelling waves over its field-free value.
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