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a b s t r a c t

In this paper, a new Lyapunov-type inequality for a class of higher order difference equa-
tions with anti-periodic boundary conditions is established. Applying our inequality, the
lower bound of the eigenvalue for a related eigenvalue problem is given.
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1. Introduction

The Lyapunov inequality and many of its generalizations have proven to be useful tools in oscillation theory, disconjuga-
cy, eigenvalue problems, and numerous other applications for the theories of differential and difference equations [1–6].
Although there is an extensive literature on the Lyapunov-type inequalities for various classes of differential equations, there
is not much done for the difference equations, especially, for the higher order difference equations. The discrete and time
scale analogues of Lyapunov-type inequalities for certain type systems are also given in [7]. In 1983, Cheng [8] investigated
the following second-order difference equation

M
2xðnÞ þ qðnÞxðnþ 1Þ ¼ 0: ð1Þ

Under the following assumptions

xðaÞ ¼ xðbÞ ¼ 0; xðnÞX0; n 2 Z½a; b�; ð2Þ

where a; b 2 N; Z½a; b� ¼ fa; aþ 1; . . . ; b� 1; bg, they [8] obtained the following Lyapunov inequality

Fðb� aÞ
Xb�2

n¼a

qðnÞP 4; ð3Þ

where

FðmÞ ¼
m2�1

m ; if m� 1 is even;
m; if m� 1 is odd:

(
ð4Þ

In 2012, Zhang and Tang [9] considered the following even order difference equation

M
2kxðnÞ þ ð�1ÞkqðnÞxðnþ 1Þ ¼ 0; ð5Þ

where k 2 N;n 2 Z and qðnÞ is a real-valued function defined on Z. Under the following boundary conditions
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M
2ixðaÞ ¼ M2ixðbÞ ¼ 0; xðnÞX0; n 2 Z½a; b�; ð6Þ

where a; b 2 N; Z½a; b� ¼ fa; aþ 1; . . . ; b� 1; bg, they [9] obtained the following main result:

Theorem A. Assume that k 2 N and qðnÞ is a real-valued function on Z. If (5) has a solution xðnÞ satisfying the boundary value
conditions (6), then

Xb�1

n¼a

½jqðnÞjðn� aþ 1Þðb� n� 1Þ�P 23ðk�1Þ

ðb� aÞ2k�3 : ð7Þ

Recently, anti-periodic problems have received considerable attention as anti-periodic boundary conditions appear in
numerous situations such as anti-periodic trigonometric polynomials in the study of interpolation problems and anti-peri-
odic wavelets. Wang and Shi [10] investigated the existence of eigenvalues of second-order difference equations with peri-
odic and anti-periodic boundary conditions. Wang [11] established Lyapunov-type inequalities for certain higher order
differential equations with anti-periodic boundary conditions. To the best of our knowledge, few authors have discussed
the Lyapunov-type inequalities for higher order difference equations under anti-periodic boundary conditions. In this paper,
we will consider the following higher order difference equation

jMmxðnÞjp�2
M

mxðnÞ þ rðnÞjxðnÞjp�2xðnÞ ¼ 0; ð8Þ

where m 2 N;n 2 Z; rðnÞ is a real-valued function defined on Z; p > 1 and q is a conjugate exponent, i.e. 1=pþ 1=q ¼ 1.
We will establish a new discrete Lyapunov-type inequality for (8) under the following anti-periodic boundary conditions

M
ixðaÞ þ MixðbÞ ¼ 0; i ¼ 0;1; . . . ;m� 1; xðnÞX0; n 2 Z½a; b�: ð9Þ

Furthermore, applying our Lyapunov-type inequality to the related eigenvalue problem, we will give the lower bound of the
eigenvalue.

2. Main results

Theorem 1. If (8) has a nonzero solution xðnÞ satisfying the anti-periodic boundary conditions (9), then

Xb�1

n¼a

jrðnÞjq P
2mp

ðb� aÞðmp�1Þ :

Proof. Since the nonzero solution xðnÞ of (8) satisfies the anti-periodic boundary conditions (9), then xðaÞ þ xðbÞ ¼ 0. For
n 2 Z½a; b�, we have

xðnÞ ¼ xðnÞ � 1
2
½xðaÞ þ xðbÞ� ¼ 1

2

Xn�1

k¼a

½xðkþ 1Þ � xðkÞ� � 1
2

Xb�1

k¼n

½xðkþ 1Þ � xðkÞ� ¼ 1
2

Xn�1

k¼a

MxðkÞ � 1
2

Xb�1

k¼n

MxðkÞ: ð10Þ

Using discrete Hölder inequality gives

jxðnÞj 6 1
2

Xb�1

k¼a

jMxðkÞj 6 1
2
ðb� aÞ1=q

Xb�1

k¼a

jMxðkÞjp
 !1=p

: ð11Þ

Similarly,

jMixðnÞj 6 1
2

Xb�1

k¼a

jMiþ1xðkÞj 6 1
2
ðb� aÞ1=q

Xb�1

k¼a

jMiþ1xðkÞjp
 !1=p

: ð12Þ

Then

jMixðnÞjp 6 1
2

� �p

ðb� aÞp=q
Xb�1

k¼a

jMiþ1xðkÞjp
 !

: ð13Þ

Summing (13) from a to b� 1, we have

Xb�1

n¼a

jMixðnÞjp 6 ðb� aÞ 1
2

� �p

ðb� aÞp=q
Xb�1

k¼a

jMiþ1xðkÞjp
 !

; ð14Þ
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