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a b s t r a c t

In this paper, we study the following periodic discrete nonlinear Schrödinger equation

�Dun þ ð�n �xÞun ¼ cvngnðunÞ; n 2 Z;

where the nonlinearity gn is asymptotically or super linear. The sufficient conditions on the
existence and on the nonexistence of nontrivial solitons was established by using critical
point theory.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction and main result

Let us consider the following periodic discrete nonlinear Schrödinger equation

i _wn ¼ �Dwn þ �nwn � cvnfnðwnÞ; n 2 Z; ð1:1Þ

where Dwn ¼ wnþ1 þ wn�1 � 2wn is the discrete Laplacian in one spatial dimension, c ¼ �1; f�ng and fvng are positive real val-
ued N-periodic sequences (N > 0), the nonlinearity fn is supposed to be a gauge invariant complex-valued function of com-
plex variable, i.e., fnðwne�ixtÞ ¼ e�ixt fnðwnÞ for any n 2 Z and x 2 R.

Making use of the standing wave ansatz

wn ¼ une�ixt ;

where fung is a real valued sequence and x 2 R is the temporal frequency, we arrive at the equation

�Dun þ Vnun ¼ cvnfnðunÞ; n 2 Z;

where Vn :¼ �n �x. In fact, we shall consider the following more general equation

�Dun þ Vnun ¼ cvngnðunÞ; n 2 Z; ð1:2Þ

where gn is a sequence of general functions. As usual, solitons (that is homoclinic solutions) of (1.1) are spatially localized
time-periodic solutions and decay to 0 at infinity, that is,
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lim
jnj!1

un ¼ 0: ð1:3Þ

In addition, u is called a nontrivial solitons if unX0. Therefore, the problem on the existence of nontrivial solitons of (1.1) has
been reduced to that on the existence of nontrivial solitons of (1.2) with gn � fn.

Let GnðsÞ :¼
R s

0 gnðtÞdt; s 2 R. We make the following assumptions:

ðG1Þ gnðsÞ is continuous in s; gnð�Þ ¼ gnþNð�Þ and GnðsÞP 0 for all ðn; sÞ 2 Z� R.
ðG2Þ There exist some c > 0 and p > 2 such that jgnðsÞj 6 cð1þ jsjp�1Þ for all ðn; sÞ 2 Z� R.
ðG3Þ gnðsÞ ¼ oðsÞ as s! 0 for all n 2 Z.
ðG4Þ gnðsÞ

s ! a as jsj ! þ1 for all n 2 Z, where 0 < a 6 þ1.

Remark 1.1. Assumption ðG2Þwill not be needed in the asymptotically linear case (that is, 0 < a < þ1 in ðG4Þ), since observe
that ðG2Þ always hold when 0 < a < þ1 in ðG4Þ.

Let v :¼minn2Zfvng; v :¼maxn2Zfvng, V :¼minn2Zf�ng �x and V :¼maxn2Zf�ng �x. In what follows, we always assume
that

� 0 < V 6 Vn 6 V < þ1:

Let HnðsÞ :¼ 1
2 gnðsÞs� GnðsÞ; s 2 R. Firstly, we handle the asymptotically linear problem, that is, a < þ1 in ðG4Þ holds. We

use the following assumption:

ðA1Þ HnðsÞP 0 for all ðn; sÞ 2 Z� R and there is f 2 ð0;V=2v� such that

gnðsÞ
s

P V=2v� f) HnðsÞP f:

Next, we deal with the super linear case, that is, a ¼ þ1 in ðG4Þ holds. We make the following assumption:
ðA2Þ There exists D 2 ½1;1Þ such that HnðsÞ 6 DHnðtÞ for all ðs; tÞ 2 R� R with jsj 6 jtj.

Example 1.1 (Asymptotically linear case). Let

gnðsÞ ¼ bns 1� 1
lnðeþ jsjÞ

� �
; s 2 R;

where bn ¼ bnþN and minn2Zbn > 0. It is not hard to check that this function satisfies ðG1Þ–ðG4Þ with 0 < a < þ1 and ðA1Þ.

Example 1.2 (Super linear case). Let

gnðsÞ ¼ anjsjp�2s; s 2 R;

where an ¼ anþN;0 < minn2Zan 6maxn2Zan <1 and p > 2. It is not hard to check that this function satisfies ðG1Þ � ðG4Þ with
a ¼ þ1 and ðA2Þ.

In this paper, we focus our main attention on the existence and the nonexistence of nontrivial solitons for the periodic
discrete nonlinear Schrödinger equations with asymptotically or super linear terms. In what follows, we always assume that
c ¼ 1. The other case reduces to the previous one if we replace 4 by �4 and Vn by �Vn. Now, our main results read as
follows:

Theorem 1.1. Assume that ðG1Þ–ðG4Þ and 0 < V 6 Vn 6 V <1 for all n 2 Z hold. If either (0 < a < þ1; 4þ V < av and ðA1Þ) or
(a ¼ þ1 and ðA2Þ) hold, then there exists a nontrivial solution of (1.2).

Let L is a Jacobi operator [25] given by Lun :¼ �Mun þ �nun, then we have the following theorem:

Theorem 1.2. Assume that the conditions of Theorem 1.1 hold. If x R rðLÞ, then the solution u of (1.2) decays exponentially at
infinity, that is, there exist two positive constants s and m such that

junj 6 se�mjnj; n 2 Z: ð1:4Þ

Remark 1.2. If the temporal frequency x 2 rðLÞ, arguing as in [18], we can prove that (1.2) has no well-decaying (e.g. expo-
nentially fast) nontrivial solution.

Theorem 1.3. Assume that ðG4Þ with 0 < a < þ1 holds, moreover,
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