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a b s t r a c t

Some new estimates for the difference between the integral mean of a function and its
mean over a subinterval are established and new applications for special means and prob-
ability density functions are also given.
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1. Introduction

The classical Ostrowski type integral inequality [1] stipulates a bound for the difference between a function evaluated at
an interior point and the average of the function over an interval. That is,
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for all x 2 ½a; b�, where f 0 2 L1ða; bÞ, that is,

kf 0k1 ¼ ess sup
t2½a;b�
jf 0ðtÞj <1

and f : ½a; b� ! R is a differentiable function on ða; bÞ. Here, the constant 1
4 is sharp in the sense that it cannot be replaced by a

smaller constant.
For various results and generalizations concerning Ostrowski’s inequality, see [2–13] and the references therein.
In [14], Barnett et al. compared the difference of two integral means as in the following Theorem 1 in which the function

has the first derivative bounded where is defined. The obtained results are also generalizations of (1.1) and have been applied
to probability density functions, special means, Jeffreys divergence in Information Theory and the sampling of continuous
streams in Statistics.

Theorem 1. Let f : ½a; b� ! R be an absolutely continuous function with the property that f 0 2 L1½a; b�. Then, for a 6 x < y 6 b, we
have the inequality
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The constant 1
4 is best possible in the first inequality and 1

2 is best in the second one.
The class of s-convex function in the second sense, usually denoted by K2

s , was introduced by Hudzik and Maligranda [15].
This class is defined in the following way, f : ½0;1Þ ! R is said to be s-convex function in the second sense if

f ðaxþ byÞ 6 asf ðxÞ þ bsf ðyÞ

for all x; y 2 ½0;1Þ;a; b P 0 with aþ b ¼ 1 and for some fixed s 2 ð0;1�. For example, the function f : ½0;1� ! ½0;1� defined by
f ðtÞ ¼ ts; s 2 ð0;1�, is a s-convex function in the second sense. It can be easily seen that for s ¼ 1, s-convexity reduces to or-
dinary convexity of functions defined on ½0;1Þ.

In [16], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which holds for s-convex functions in the
second sense. Suppose that f : ½0;1Þ ! ½0;1Þ is an s-convex function in the second sense and a; b 2 ½0;1Þ with a < b. If
f 2 L½a; b�, then the following inequality holds:

2s�1f
aþ b

2

� �
6

1
b� a

Z b

a
f ðxÞdx 6

f ðaÞ þ f ðbÞ
sþ 1

: ð1:3Þ

The constant is the best possible in the second inequality (1.3).
Recently, Alomari et al. [17] have established some Ostrowski type inequalities for the class of functions whose deriva-

tives in absolute value are s-convex functions in the second sense.
The main purpose of this article, is to establish some new results related to the inequality (1.2) for the functions whose

absolute value of the first derivatives are convex. In Section 3, the corresponding versions in the case that the power of the
absolute value of the first derivative is s-convex in the second sense are obtained. Applying the obtained results, some new
inequalities for special means and the probability density functions will be also given in Section 4 and Section 5, respectively.

For convenience, we denote

A ¼ ðy� xÞðb� a� yþ xÞ
b� a

; B ¼ ðx� aÞðy� xÞ
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;
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þ ðy� xÞðb� a� yþ xÞ
b� a

;

Jða; b; x; yÞ ¼ 2ðx� aÞ3ðy� xÞ
ðb� aÞðb� a� yþ xÞ2
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where a 6 x < y 6 b.

2. The function jf 0j is convex

Let f : ½a; b� ! R be an absolutely continuous function and a 6 x < y 6 b. Denote Kx;y : ½a; b� ! R, the kernel given by

Kx;yðsÞ ¼

a�s
b�a ; if s 2 ½a; x�;
s�x
y�xþ a�s

b�a ; if s 2 ðx; yÞ;
b�s
b�a ; if s 2 ½y; b�:

8><
>:

The following lemma plays an important role in this article.

Lemma 1. Let f : ½a; b� ! R be an absolutely continuous function and a 6 x < y 6 b. Then we have the identity
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Proof. Using the following identity given in [14],
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and by suitable substitution of variables, we have the identity (2.1). h
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