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a b s t r a c t

In this work a numerical method, based on a boundary integral formulation, is used to
calculate approximately the acoustic eigenfrequencies or eigenvalues in a bounded domain
filled with an anisotropic material. We assume that the knowledge about the anisotropy is
uncertain or incomplete, and we use fuzzy numbers to model it. Using the Zadeh’s exten-
sion principle and affine transformations, we get approximate fuzzy solutions to the posed
problem. Finally some numerical examples are shown.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Anisotropic materials and their applications is an active research topic in engineering and applied mathematics. The knowl-
edge regarding the parametric quantities of anisotropic materials is, in general, incomplete or vague, which makes it difficult to
study its static and dynamic responses as well as their energy levels. In order to solve this difficulty, and to take into account that
dynamical systems with certain degree of uncertainty are often modeled using Fuzzy Partial Differential Equations (FPDE) (see
[1,3] for example) or Fuzzy Ordinary Differential Equations (FODE) (see [4,9] for example), a mathematical technique to com-
pute approximately the acoustic eigenfrequencies in anisotropic materials with uncertainty is presented. The vagueness of the
anisotropy is modeled by fuzzy numbers and the numerical method is based on a Boundary Element Method (BEM). The com-
bination between both methodologies is made using the Zadeh’s extension principle (see [12]).

The paper is organized as follows: In Section 2 some basic definitions of fuzzy numbers and the Zadeh’s extension prin-
ciple are shown. Section 3 presents the mathematical formulation of the deterministic problem associated to the computa-
tion of the acoustic eigenfrequencies using a BEM technique. In Section 4 mathematical model with uncertainty is described.
Some numerical results are given in Section 5. Finally, in Section 6, the conclusions of this work are presented and also others
applications of this technique are discussed.

2. Preliminary concepts

Let us denote by KcðRnÞ the set of all nonempty compact and convex subsets of Rn. Let FðRnÞ be the set of all fuzzy subsets
on Rn (functions from Rn to ½0;1�). Let us define, 8u 2 FðRnÞ,

½u�a ¼
fx 2 Rn : uðxÞP ag; a 2 ð0;1�;
suppðuÞ ¼ fx 2 Rn : uðxÞ > 0g; a ¼ 0;

(
ð1Þ
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where A denotes the clousure of A � Rn and suppðuÞ the support of u.
Also, let us define

F kcðRnÞ ¼ fu 2 FðRnÞ : 8a 2 ½0;1�; ½u�a 2 KcðRnÞg: ð2Þ

Definition 1. u 2 F kcðRÞ is called a fuzzy number.

Proposition 1. For all u;v 2 F kcðRnÞ and b 2 R we have the following properties:

½uþ v �a ¼ ½u�a þ ½v �a and ½bu�a ¼ b½u�a; 8a 2 ½0;1�: ð3Þ

Definition 2. For arbitrary u;v 2 F kcðRnÞ we define the extended Hausdorff distance D by

Dðu; vÞ ¼ sup
a2½0;1�

Hð½u�a; ½v �aÞ; ð4Þ

where

HðU;VÞ ¼ max sup
u2U

dðu;VÞ; sup
v2V

dðv ;UÞ
� �

and dðu;VÞ ¼ inf
v2V
ku� vk: ð5Þ

2.1. The Zadeh’s extension principle

One of the most important tools in fuzzy theory and its applications is the well-known Zadeh’s extension principle (see
[12]). In summary the Zadeh’s extension principle says that each function f : Rn ! Rn can be extended in another functionbf : FðRnÞ ! FðRnÞ defined as follows:

bf ðuÞðyÞ ¼ sup
x2Rn ; f ðxÞ¼y

uðxÞ; if f�1ðyÞ – £;

0 if f�1ðyÞ ¼£

8<: ð6Þ

for each y 2 Rn.

Proposition 2. If f : Rn ! Rn is a continuous function, then bf : FðRnÞ ! FðRnÞ is a well-defined function, and ½bf ðuÞ�a ¼ f ð½u�aÞ for
each u 2 FðRnÞ and a 2 ½0;1�.

3. The mathematical model without uncertainty

Let X � Rn (n ¼ 2 or 3) be a nonempty, open, convex and bounded domain filled with an anisotropic material character-
ized by a matrix S 2 Mspd

n�nðRÞ :¼ fA 2 Mn�nðRÞ : Aij ¼ Aji and mT � A � m > 0 8m 2 Rng. The boundary of the domain C :¼ @X is
supposed regular enough (piecewise smooth). The unit normal vector into the exterior of X, is denoted by n.

Our purpose is, using integral representations, to solve the following eigenvalue and eigenvector problem: Find k 2 R and
a non-null complex valued function # : X! C which is a solution of

�r � S � r# ¼ k# in X;

# ¼ 0 on C:

�
ð7Þ

The only non-null solutions of Eq. (7) are a countable sequence of pairs ðkn; #nÞ; n 2 N that satisfy:
0 < k1 < k2 6 k3 . . . 6 kl ! þ1 as l! þ1. Therefore if k – kn; 8n P 1 , then #ð�Þ ¼ 0 is the unique solution of (7).

In order to simplify the computation of problem (7), the following result is used:

Theorem 1. The problem (7) is equivalent to problem: Find k 2 R and a non-null complex valued function # : XS ! C which is a
solution of

�M# ¼ k# in XS;

# ¼ 0 on CS;

�
ð8Þ

where XS is the original bounded domain modified geometrically by the affine transformation, and CS � @XS its modified boundary
respectively.

Proof. Since S 2 Mspd
n�nðRÞ is a symmetric and defined positive matrix (invertible matrix), the problem (7) (see [8]) can be

transformed affinely using a symmetric matrix S�1=2 as:
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