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a b s t r a c t

A three dimensional nonautonomous competitive Lotka–Volterra system is considered in
this paper. It is shown that if the growth rates are positive, bounded and continuous func-
tions, and the averages of the growth rates satisfy certain inequalities, then any positive
solution has the property that one of its components vanishes. Moreover, if one of the
above inequalities is changed, then all components of any positive solution have positive
infimum.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In [1], Ahmad and Lazer considered the nonautonomous competition Lotka–Volterra system

u0k ¼
duk

dt
¼ ukðtÞ akðtÞ �

XN

j¼1

bkjujðtÞ
" #

; k ¼ 1; . . . ;N; ð1:1Þ

where the growth rates akðtÞ are continuous and positive on R and bkj are nonnegative constants for 1 6 j; k 6 N with bkk > 0
for 1 6 k 6 N;R ¼ ð�1;þ1Þ. Let akM and akL denote the supremum and the infimum of akðtÞ respectively for t 2 R and
1 6 k 6 N. RN denotes the N-dimensional real Euclidean space, and RN

þ denotes the nonnegative cone of RN . Assume that
the growth rates have the property that

lim
T!þ1

1
T

Z t0þT

t0

akðtÞdt ¼ M½ak�

exists for 1 6 k 6 N and these limits are uniform with respect to t0 2 R, they showed that the conditions

akL >
XN

j¼1;j–k

bkjajM=bjj; 1 6 k 6 N � 1 ð1:2Þ

imply that system of linear equations
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M½ak� ¼
XN�1

j¼1

bkjxj; 1 6 k 6 N � 1

has a unique solution x1 ¼ n�1; x2 ¼ n�2; . . . ; xN�1 ¼ n�N�1 and the numbers n�1; . . . ; n�N�1 are positive. They also showed that if con-
ditions (1.2) and

M½aN � <
XN�1

j¼1

bNjn
�
j ; ð1:3Þ

hold, then limt!þ1uNðtÞ ¼ 0 for any solution uðtÞ ¼ colðu1ðtÞ; � � � ;uNðtÞÞ of (1.1) with ukðt0Þ > 0 for 1 6 k 6 N. On the other
hand if conditions (1.2) hold, then

M½aN � >
XN�1

j¼1

bNjn
�
j ð1:4Þ

is both a necessary and sufficient condition that inf tPt0 ukðtÞ > 0;1 6 k 6 N, for any solution uðtÞ ¼ colðu1ðtÞ; . . . ;uNðtÞÞ of (1.1)
with ukðt0Þ > 0 for 1 6 k 6 N. They supposed that the above results remain true if conditions (1.2) are replaced by weaker
inequalities

M½ak� >
XN

j¼1
j–k

bkjM½aj�=bjj; 1 6 k 6 N � 1: ð1:5Þ

But they only gave the proof for the case N ¼ 2, i.e. if

M½a1� > b12M½a2�=b22 ð1:6Þ

and

M½a2� < b21M½a1�=b11

hold, then limt!þ1u2ðtÞ ¼ 0 for any solution uðtÞ ¼ colðu1ðtÞ;u2ðtÞÞ of (1.1) with ukðt0Þ > 0, k ¼ 1;2. On the other hand, if (1.6)
and

M½a2� > b21M½a1�=b11

hold, then inf tPt0 ukðtÞ > 0; k ¼ 1;2, for any solution uðtÞ ¼ colðu1ðtÞ;u2ðtÞÞ of (1.1) with ukðt0Þ > 0; k ¼ 1;2. Later, they gave
the proof of the above conjecture for the case N in [2] by their earlier results established in [1,3–5].

In this paper, we give the proof of the above conjecture in [1] for the case N ¼ 3 with the method of [1]. Our proof is dif-
ferent from that of [2]. Considering the following equations

u01ðtÞ ¼ u1ðtÞ½a1ðtÞ � b11u1ðtÞ � b12u2ðtÞ � b13u3ðtÞ�;
u02ðtÞ ¼ u2ðtÞ½a2ðtÞ � b21u1ðtÞ � b22u2ðtÞ � b23u3ðtÞ�;
u03ðtÞ ¼ u3ðtÞ½a3ðtÞ � b31u1ðtÞ � b32u2ðtÞ � b33u3ðtÞ�;

8><
>: ð1:7Þ

where the growth rates a1ðtÞ; a2ðtÞ; a3ðtÞ are continuous and positive on R and bkj are nonnegative constants for 1 6 j; k 6 3
with bkk > 0 for 1 6 k 6 3.

Now we give our main result.

Theorem 1.1. Assume that the growth rates a1ðtÞ; a2ðtÞ; a3ðtÞ are bounded above and below by positive constants on R, and the
growth rates have the property that

lim
T!þ1

1
T

Z t0þT

t0

akðtÞdt ¼ M½ak�

exists for 1 6 k 6 3 and these limits are uniform with respect to t0 2 R. In addition, det B P 0, where

B ¼
b11 b12 b13

b21 b22 b23

b31 b32 b33

2
64

3
75:

(a) If

M½a1� > b12M½a2�=b22 þ b13M½a3�=b33; ð1:8Þ

588 J. Zhao et al. / Applied Mathematics and Computation 230 (2014) 587–596



Download English Version:

https://daneshyari.com/en/article/4628166

Download Persian Version:

https://daneshyari.com/article/4628166

Daneshyari.com

https://daneshyari.com/en/article/4628166
https://daneshyari.com/article/4628166
https://daneshyari.com

