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a b s t r a c t

In this paper, the existence of positive solutions of nonlinear operator equation u ¼ kTu are
studied, where k > 0 is a parameter, T is a compact operator with sign-changing kernel. By
using the Leray–Schauder degree theory, the existence of positive solutions of nonlinear
operator equations with sign-changing kernel are obtained. The obtained abstract theorem
can be applied easily, to illustrate this point the paper also introduces some applications.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we consider the existence of positive solutions of nonlinear operator equation

u ¼ kTu; ð1:1Þ

where k > 0 is a parameter, T has the following form:

ðTuÞðtÞ ¼
Z

X
Gðt; sÞgðsÞf ðuðsÞÞds; 8u 2 X; ð1:2Þ

X � Rn is bounded domain, and T is a compact operator on Banach space X :¼ CðXÞ; g is a continuous function, f : ½0;1Þ ! R

is continuous, G : X�X! R is so called integral kernel.
As we know, many boundary value problems can be written as the form of (1.1), for example (see [1–6]). Under suitable

condition of nonlinear term and the condition of integral kernel Gðt; sÞP 0 on X�X, Krasnoselskii’s fixed point theorem (see
[7,8]) can be used to prove the existence and multiplicity of positive solutions of boundary value problem, for example (see
[1–4]). To be our best knowledge, however, when G change its sign, there is no general theorem to deal with the existence of
positive solutions of nonlinear operator equation (1.1).

In [9], Hai obtained the existence of positive solutions to a class of elliptic boundary value problems by using the
Leray–Schauder fixed point theorem. In [10], Ma studied the existence and nonexistence of positive solutions of nonlinear
periodic boundary value problem with sign-changing Green’s function. His approach is based on the Schauder fixed point
theorem. Motivated by above references, this article is an attempt to establish an abstract theorem which can be used to
prove the existence of positive solution of nonlinear operator equation (1.1) with sign-changing integral kernel. Furthermore,
our aim is to classify a class of nonlinear operator equations in order to research them more extensively. At the end, the
paper also introduces some applications of our obtained abstract result.
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2. Abstract theorem

In this section, we iterate and prove our main result.
We consider (1.1) under the following assumptions:

(H1) T : X ! X is compact operator.
(H2) f : ½0;1Þ ! R is continuous and f ð0Þ > 0.
(H3) g : X! R is continuous, and there exists a number k > 1 suchZ

X
ðGðt; sÞgðsÞÞþ ds P k

Z
X
ðGðt; sÞgðsÞÞ� ds; t 2 X;

where

ðGðt; sÞgðsÞÞþ ¼ Gðt; sÞgðsÞ; s 2 f~s 2 X j Gðt;~sÞgð~sÞP 0g;
0 s 2 f~s 2 X j Gðt;~sÞgð~sÞ < 0g;

(
for t 2 X;

ðGðt; sÞgðsÞÞ� ¼ �Gðt; sÞgðsÞ; s 2 f~s 2 X j Gðt;~sÞgð~sÞ � 0g;
0; s 2 f~s 2 X j Gðt;~sÞgð~sÞ > 0g;

(
for t 2 X:

The main result in this article is given by the following abstract theorem, which provides the existence positive solution of
the nonlinear operator equation (1.1) with sign-changing integral kernel.

Theorem 1.1. Assume that (H1), (H2) and (H3) hold. Then there exists a positive number k� such that (1.1) has a positive solution
for k < k�.

Proof. We shall apply Leray–Schauder degree theory to prove that (1.1) has a positive solution for k < k�.
For u 2 X, define the operator Tþk by

ðTþk uÞðtÞ ¼ k
Z

X
Gðt; sÞgðsÞð Þþf ðuðsÞÞds: ð2:1Þ

It’s not difficult to see from (H1) that Tþk : X ! X is compact. Throughout this paper, we let f ðzÞ ¼ 0; z < 0.

Step 1. We prove that there exists a positive number k such that for 0 < k < k, the equation

u ¼ Tþk u

has a positive solution euk with jjeukjjX ! 0 as k! 0, and

eukðtÞP kdf ð0ÞpðtÞ; t 2 X; ð2:2Þ

where d is a positive number, pðtÞ ¼
R

X ðGðt; sÞgðsÞÞ
þ ds.

Fix d 2 ð0;1Þ, let e > 0 such that

f ðzÞP df ð0Þ; for 0 6 z 6 e: ð2:3Þ

Suppose that

k <
e

2jjpjjXef ðeÞ ; ð2:4Þ

where ef ðzÞ ¼max06s6zf ðsÞ. Then from (2.3) and (2.4), for 0 6 z 6 eef ðeÞ
e

<
1

2kjjpjjX
; ð2:5Þ

ef ðzÞ
z

P
df ð0Þ

z
! þ1; as z! 0: ð2:6Þ

From (2.5) and (2.6) and (H2) there exists Ak 2 ð0; eÞ such thatef ðAkÞ
Ak
¼ 1

2kjjpjjX
: ð2:7Þ
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