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a b s t r a c t

We are concerned here with a three-dimensional nonlinear mixed Volterra–Fredholm
integral equations of the second kind which include many key integral that appear in
the theory of nonlinear parabolic boundary value problems. The existence of a unique solu-
tion will be proved. A new numerical method for solving these type of equations will be
presented. The method is based upon three-dimensional block-pulse functions approxima-
tion. In addition convergence analysis of the method is discussed. Illustrative examples are
included to demonstrate the validity and applicability of the technique.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let us consider the general three-dimensional nonlinear mixed Volterra–Fredholm integral equations of the second kind
of the form

uðx; y; zÞ ¼ f ðx; y; zÞ þ
Z x

0

Z Z
X

Hðx; y; z; s; t; r; uðs; t; rÞÞdrdt
� �

ds; ðx; y; zÞ 2 ½0;1Þ �X; ð1Þ

where uðx; y; zÞ is an unknown function, f ðx; y; zÞ and Hðx; y; z; s; t; r;uðs; t; rÞÞ are analytical functions on ½0;1Þ �X and
, respectively and X is close subset on R2. The existence and uniqueness of the solution for the two-dimen-

sional mode of problem (1) are discussed in [1,2]. Equations of this type arise in the theory of nonlinear parabolic boundary
value problems, the mathematical model of the spatiotemporal development of an epidemic an various physical, mechanical,
and biological problems [3,4]. In recent years significant progress has been made in numerical analysis of linear two-dimen-
sional mixed Volterra–Fredholm integral equations [5]. Fewer numerical methods are known for the nonlinear integral equa-
tions and especially for two-dimensional models [6,7]. Recently, the time collocation and time discretization method [8], the
particular trapezoidal Nyström method [9] and the Adomian decomposition method [10,11] are applied for solving two
dimensional linear and nonlinear integral equations. In the following we assume that

Hðx; y; z; s; t; r;uðs; t; rÞÞ ¼ kðx; y; z; s; t; rÞ½uðs; t; rÞ�p; ð2Þ

where p is positive integer. In the present paper, we apply three-dimensional block-pulse functions (3D-BFs), to solve the
three-dimensional nonlinear mixed Volterra–Fredholm integral Eq. (1) with (2).
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1.1. Existence and uniqueness theorem

We consider problem (1) on the complete metric space of complex-valued continuous functions

X ¼ ðCðSÞ;dÞ; dðf ; gÞ ¼ supfjf ðx; y; zÞ � gðx; y; zÞj : ðx; y; zÞ 2 Sg;

where S ¼ ½0;1� � ½0;1� � ½0;1�.

Theorem 1. Let f and H be continuous functions on S and respectively. If

jHðx; y; z; s; t; r;uðs; t; rÞÞ � Hðx; y; z; s; t; r;vðs; t; rÞÞj 6 Ljuðs; t; rÞ � vðs; t; rÞj;

for a nonnegative constant L 6 1, then problem (1) has a unique solution.

Proof. For the proof, see [1,2]. h

2. 3D-BFs and their properties

2.1. Definition

The m3-set of 3D-BFs consists of m3 functions which are defined over district D ¼ ½0;1Þ � ½0;1Þ � ½0;1Þ as follows:

/i;j;lðx; y; zÞ ¼
1; ði� 1Þh 6 x < ih; ðj� 1Þh 6 y < jh; ðl� 1Þh 6 z < lh

0; otherwise

�
; i; j; l ¼ 1ð1Þm;

where m is positive integer, and h ¼ 1
m. Since each 3D-BFs takes only one value in its subregion, the 3D-BFs can be expressed

by the three one-dimensional block-pulse functions (1D-BFs):

/i;j;lðx; y; zÞ ¼ /iðxÞ/jðyÞ/lðzÞ; ð3Þ

where /iðxÞ; /jðyÞ and /lðzÞ are the 1D-BFs related to the variables x; y and z, respectively. The 3D-BFs are disjointed with
each other:

/i;j;lðx; y; zÞ/i0 ;j0 ;l0 ðx; y; zÞ ¼
/i;j;lðx; y; zÞ; i ¼ i0; j ¼ j0; l ¼ l0

0; otherwise

(
; ð4Þ

and are orthogonal with each other:Z 1

0

Z 1

0

Z 1

0
/i;j;lðx; y; zÞ/i0 ;j0 ;l0 ðx; y; zÞdzdydx ¼ h3

; i ¼ i0; j ¼ j0; l ¼ l0

0; otherwise

(
;

where x; y; z 2 ½0;1Þ and i; j; l; i0; j0; l0 ¼ 1ð1Þm.

2.2. Vector forms

Now, consider the first m3 terms of 3D-BFs and write them concisely as m3-vector:

Uðx; y; zÞ ¼ ½/1;1;1ðx; y; zÞ; . . . ;/1;1;mðx; y; zÞ; . . . ;/1;m;mðx; y; zÞ; . . . ;/m;m;mðx; y; zÞ�
T
; ð5Þ

where x; y; z 2 ½0;1Þ. From (4), we have:

Uðx; y; zÞUTðx; y; zÞ ¼ diagðUðx; y; zÞÞ: ð6Þ

Let X be a m3-vector by using (6) we will have:

Uðx; y; zÞUTðx; y; zÞX ¼ eXUðx; y; zÞ;

where eX ¼ diagðXÞ is a m3 �m3 diagonal matrix.

2.3. 3D-BFs expansions

A function f ðx; y; zÞ defined over district L2ðDÞ may be expanded by the 3D-BFs as:

f ðx; y; zÞ ’
Xm

i¼1

Xm

j¼1

Xm

l¼1

f i;j;l/i;j;lðx; y; zÞ ¼ FTUðx; y; zÞ ¼ UTðx; y; zÞF;
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