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a b s t r a c t

We consider the problem of characterizing situations where a linear combination of
commuting involutive matrices is a k-potent matrix, where k is a positive integer such that
k P 2. Also, we consider the problem of characterizing situations where a linear combina-
tion of the form c1In þ c2Aþ c3B is a nonsingular or an involutive matrix, when idempotent
matrices A; B 2 Cn�n satisfy different conditions and c1; c2; c3 2 C n f0g.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let Cn�n denote the set of all n� n complex matrices. By Cn�n
r we will denote the set of all matrices from Cn�n with a rank r.

Also, we will use the following notation: for k 2 N and k > 1, the set of complex roots of 1 shall be denoted by rk and if we set
xk ¼ e2pi=k then rk ¼ fx0

k ;x
1
k ; . . . ;xk�1

k g. � denotes a direct sum. We say that k and l are congruent modulo m, and we use the
notation k�ml, if mjðk� lÞ. In will denote the identity matrix of order n. Also, recall that a matrix A is involutive if A2 ¼ In,
tripotent if A3 ¼ A, essentially tripotent if A3 ¼ A with A2 – � A, k-potent if Ak ¼ A, projector (an idempotent matrix) if
A2 ¼ A, generalized projector if A2 ¼ A� and hypergeneralized projector if A2 ¼ Ay. We use the notation CP

n for the subsets
of Cn�n consisting of projectors (idempotent matrices), i.e.,

CP
n ¼ fA 2 Cn�n : A2 ¼ Ag:

For the cases: (i) A and B are idempotent, (ii) A is idempotent and B is tripotent, and (iii) A is idempotent and B is t-potent
where A and B are commuting matrices, the problem of characterizing some and even all situations where a linear combi-
nation of the form c1Aþ c2B is an idempotent matrix were studied in [1,5,2,4]. Idempotency of linear combinations of three
idempotent matrices was studied in [3,5], while idempotency and tripotency of linear combinations of two commuting tri-
potent matrices was investigate in [6].

The problem of characterizing all situations where a linear combination of involutive matrices is a tripotent, an idempo-
tent or an involutive matrix were studied in [7]. In this paper, we characterize situations where a linear combination of com-
muting involutive matrices is a k-potent, where k 2 N with k P 2.

Also, the authors in [7] determined all situations where a linear combination of the form c1Aþ c2B is an involutive matrix
when A and B are idempotent or tripotent matrices. We give the solution to the problem when a linear combination of the
form c1In þ c2Aþ c3B is a nonsingular or an involutive matrix, when idempotent matrices A and B satisfy one of the following
conditions: A� B ¼ 0 or AB ¼ B and BA ¼ A or ðA� BÞ2 ¼ A� B or ðAþ BÞ2 ¼ Aþ B. Also, we consider if it is possible that a
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linear combination of the form c1In þ c2Aþ c3B is an involutive matrix, when idempotent matrices A and B satisfy ABA ¼ BAB
or AB ¼ BA.

The matrices observed in the above mentioned papers and in this paper have an important role in the applied sciences,
especially in statistical theory. More about this can be found in [2,7].

2. On linear combinations of commuting involutive matrices

We consider the problem of k-potency of a linear combination
c1Aþ c2B; ð1Þ

where A; B are involutive matrices that commute, k 2 N; k P 2 and c1; c2 2 C n f0g. We will divide our discussion into two
cases: when k is odd and when k is even number.

Remark that if A and B are involutive matrices and A ¼ kB, then A ¼ B or A ¼ �B.
Also, if A ¼ B, then c1Aþ c2B is k-potent, where k is odd if and only if c1 ¼ �c2 or if there is t 2 rk�1 such that c1 þ c2 ¼ t. If

A ¼ �B, then c1Aþ c2B is k-potent, where k is odd if and only if c1 ¼ c2 or if there is t 2 rk�1 such that c1 � c2 ¼ t. If k is even,
then for A ¼ B the matrix c1Aþ c2B is k-potent if and only if c1 ¼ �c2 or A ¼ ðc1 þ c2Þk�1I. If A ¼ �B, then c1Aþ c2B is k-potent,
where k is even if and only if c1 ¼ c2 or A ¼ ðc1 � c2Þk�1I. In particular, if A ¼ B ¼ I, then c1Aþ c2B is k-potent if and only if
c1 ¼ �c2 or if there is t 2 rk�1 such that c1 þ c2 ¼ t. Also, if A ¼ �B ¼ I, then c1Aþ c2B is k-potent if and only if c1 ¼ c2 or
if there is t 2 rk�1 such that c1 � c2 ¼ t. If A ¼ B ¼ �I, then c1Aþ c2B is k-potent if and only if c1 ¼ �c2 or if there is
t 2 rk�1 such that c1 þ c2 ¼ �t.

First, we will state the following theorem.

Theorem 2.1. Let fAigm
i¼1 be a finite commuting family of involutive matrices and k1; k2; . . . ; km 2 N such that

Qm
i¼1Aki

i – � I and
let c1; c2 2 C n f0g; k 2 N, k P 2. Then a linear combination c1I þ c2

Qm
i¼1Aki

i is a k-potent matrix if and only if one of the following
conditions is satisfied:

(i) c1 ¼ c2 ¼ 1
2 t, t 2 rk�1,

(ii) c1 ¼ �c2 ¼ 1
2 t, t 2 rk�1,

(iii) there exist t1; t2 2 rk�1, t1 – � t2 such that c1 ¼ t1þt2
2 and c2 ¼ t1�t2

2 .

Proof. Since for an arbitrary finite commuting family of involutive matrices fAigm
i¼1 and arbitrary positive integer

k1; k2; . . . ; km;
Qm

i¼1Aki
i is still an involutive matrix, then

Qm
i¼1Aki

i is diagonalizable and we can represent it byQm
i¼1Aki

i ¼ SðI ��IÞS�1, for a nonsingular matrix S. Now, c1I þ c2
Qm

i¼1Aki
i is a k-potent if and only if c1ðI � IÞ þ c2ðI ��IÞ is

k-potent which is equivalent to c1 þ c2 2 f0g [ rk�1 and c1 � c2 2 f0g [ rk�1. Since c1; c2 2 C n f0g, it immediately follows
that c1 and c2 satisfy one of the conditions (i), (ii) and (iii). h

The following corollary presents when a linear combination c1I þ c2
Qm

i¼1Aki
i is idempotent, where fAigm

i¼1 is a finite com-
muting family of involutive matrices.

Corollary 2.2. Let fAigm
i¼1 be a finite commuting family of involutive matrices and k1; k2; . . . ; km 2 N such that

Qm
i¼1Aki

i – � I and

let c1; c2 2 C n f0g; k 2 N; k P 2. Then a linear combination c1I þ c2
Qm

i¼1Aki
i is idempotent if and only if

ðc1; c2Þ 2
1
2
;
1
2

� �
;

1
2
;�1

2

� �� �
:

The following theorems present necessary and sufficient conditions for k-potency of the linear combination (1) when k is
odd and when k is even number. First, we give necessary and sufficient conditions for k-potency of the linear combination (1)
in the case when k 2 N; k P 2 and k�21.

Theorem 2.3. Let A;B 2 Cn�n be commuting involutive matrices such that A – � B and let c1; c2 2 C n f0g; k 2 N; k P 2 and
k�21. Then a linear combination T ¼ c1Aþ c2B is a k-potent matrix if and only if one of the following conditions is satisfied:

(i) c1 ¼ c2 ¼ 1
2 t, t 2 rk�1,

(ii) c1 ¼ �c2 ¼ 1
2 t, t 2 rk�1,

(iii) there exist t1; t2 2 rk�1, t1 – � t2 such that c1 ¼ t1þt2
2 and c2 ¼ t1�t2

2 .

Proof. Multiplying Tk ¼ T by the nonsingular matrix A, we get that T is a k-potent matrix if and only if c1I þ c2AB is a
k-potent matrix. Now, the proof follows from Theorem 2.1. h

As a corollary we get the following result from [7]:
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