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ARTICLE INFO ABSTRACT

Keywords: Multi-asset options are important financial derivatives. Because closed-form solutions do
Bi{lomifil latti§e not exist for most of them, numerical alternatives such as lattice are mandatory. But lat-
Trinomial lattice tices that require the correlation between assets to be confined to a narrow range will have
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limited uses. Let p;; denote the correlation between assets i and j. This paper defines a (cor-
relation) optimal lattice as one that guarantees validity as long as
—1+ O(VAD) < py<1-— O(V/At) for all pairs of assets i and j, where At is the duration of
a time period. This paper then proposes the first optimal bivariate lattice (generalizable
to higher dimensions), called the hexanomial lattice. This lattice furthermore has the flex-
ibility to handle a barrier on each asset. Experiments confirm its excellent numerical per-
formance compared with alternative lattices.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Options are financial derivatives whose payoff depends on some underlying assets [18]. The underlying assets can be
stocks, bonds, currencies, interest rates, volatilities, commodities, temperature, and so on. A fundamental result in finance
says the theoretical price of an option equals the discounted expected payoff under the risk-neutral probability measure
[28].

Multi-asset options have a payoff determined by multiple underlying assets, and they are essential tools for speculation
and risk management. They are also called rainbow options and correlation options [28,33]. These options are challenging to
price because of problems arising from their high dimensions and the correlations between assets. Table 1 samples a few
popular multi-asset options with their payoff functions specified.

Multi-asset options can be priced in many ways. Because of the curse of dimensionality, Monte Carlo simulation and its
variants are the most popular general-purpose approaches [5]. Joy et al. [21], Boyle et al. [9], and Tan and Boyle [37] apply
quasi Monte Carlo simulation to price multi-asset European and American options. Quasi Monte Carlo methods in general
have faster convergence rates and generate better confidence intervals than the standard Monte Carlo method [40].

Simulation is relatively time consuming and does not converge fast, however. Closed-form pricing formulas, in contrast,
do not suffer from the same problems if the dimension of the resulting integral is reasonably small. Stulz presents closed-
form formulas for bivariate maximum and minimum options [36]. Johnson extends them to multi-asset maximum and
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Table 1

A sampling of multi-asset options.
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Type

Payoff

Exchange option [29]
Better-off option [41]
Worse-off option [41]

Binary maximum option
Maximum option [20,36]
Minimum option [20,36]
Spread option [12,30]

Basket average option [20,23]
Multi-strike option [41]

max(Sy(T) — 5x(T), 0)

max(Sy(7T), ..., Su(T))

min(Sy(T), ..., Su(T))

T{max (s, (T)...50(T)>K}
max(max(S{(T), ..., Sy(T)) — K, 0)
max(min(Sy(T), ..., Sx(T)) — K, 0))
max (51(T) — Sa(T) - K, 0)
max(($;(T) +--- + Sy(T))jn — K, 0)
max(Sy(T) — Ky, ..., Su(T) — K, 0)

Pyramid rainbow option [41] max(|Si(T) — Ky| +--- +|Su(T) — Kyl — K, 0)
Madonna rainbow option [41] max (\/(51 (T) =K1+ + (Sa(T) — Kn)? — K,O)]

Si(T) denotes the price of the ith underlying asset at the maturity date T, K; is the strike price for the ith underlying asset, and 1 is the indicator function.

minimum options [20]. Kirk and Aron’s [24]| approximation method is able to price bivariate spread options, but it is
inaccurate when the strike prices are high [2,12,30].

Although closed-form solutions are often preferred, they are rare. To fill this void, partial differential equations (PDEs) and
the closely related lattices are popular numerical alternatives [1,6,7,27,38]. Both methods divide the time into discrete time
periods with a duration of At. There are two general types of finite-difference methods: the explicit and implicit ones The
explicit methods of Brennan and Schwartz [4], Boyle and Tian [10], and Hull and White [17] can be used to price bivariate
options and they are conditionally stable. (A bivariate option is a multi-asset option with two underlying assets.) Uncondi-
tionally stable implicit methods such as Kurpiel and Roncalli’s [25] and Gillia et al.’s [16] are also able to price bivariate op-
tions. Although the explicit method is conditionally stable, it is both easier to implement and conceptually simpler than the
implicit method. For example, the explicit method for a variety of derivative security pricing problems uses between 40% and
70% as much time as the implicit method to provide the same level of accuracy [17]. Therefore, there does not seem to be a
clear winner between the implicit method and the explicit one.

A lattice is essentially an explicit finite-difference method to solve the pricing PDE [28]. A lattice for multi-asset options is
called a multi-asset lattice; in particular, a lattice for bivariate options is called a bivariate lattice. With few exceptions, mul-
ti-asset lattices are either binomial or trinomial. In the former case, each asset’s price may move up or down (hence 2
branches). In the latter case, each asset’s price move has 3 choices (hence 3 branches). The number of jumps of a multi-asset
lattice is the total number of branches emanating from each node. Many multi-asset lattices have been proposed. The bivar-
iate lattice of Boyle et al. has 4 jumps as each asset’s price moves follow the binomial branch [7]. The same is true of the
bivariate lattice of Rubinstein, who calls it a pyramid [34]. The bivariate lattice of Boyle has 5 jumps as each asset’s price
moves follow the trinomial branch [6]. A high-dimensional extension of the above-mentioned lattice of Boyle [6] is the tri-
nomial lattice of Kamrad and Ritchken. It contains 2% + 1 jumps when there are k underlying assets [22].

A lattice should not have invalid transition probabilities [42]. But some multi-asset lattices have invalid transition prob-
abilities unless the correlation between assets falls within a typically narrow range. Let p; denote the correlation between
assets i and j. (For brevity, the correlation is simply p for the bivariate case.) To highlight the key role played by p;; in the
construction of valid lattices, this paper calls a lattice (correlation) optimal if the transition probabilities are guaranteed
to be valid as long as —1 + O(v/At) < py<1— O(V/At) for all pairs of assets i and j. Note that optimality here concerns cor-
relation not running time. An optimal lattice, therefore, is guaranteed to be valid for essentially all possible correlations.
Optimality is clearly a desirable property for lattices. But, surprisingly, this important feature has been overlooked in the
literature.

This paper analyzes existing multi-asset lattices for their optimality. The 5-jump bivariate lattice of Boyle [6], the 4-jump
bivariate lattice of Boyle et al. [7], and the 4-jump bivariate lattice of Rubinstein [34] are shown to be optimal. Lin’s 9-jump
bivariate lattice is however suboptimal [26].

This paper proceeds to propose a new lattice, called the hexanomial lattice, that is provably optimal in the bivariate case.
In the construction, a time period is divided into two phases. A 4-jump binomial structure is employed in the first phase and
a 9-jump trinomial structure in the second. The result is a 36-jump lattice, with 6 branches in each asset. An additional
advantage of the hexanomial lattice is its ability to price options with multiple barriers (to be elaborated shortly).

Orthogonalization can also be used to construct optimal lattices [11,17,39,41]. It transforms the processes for the assets’
prices into uncorrelated ones. A valid lattice is then built for each process independently. They are later combined to form a
multi-asset lattice. Finally, the uncorrelated processes are transformed back to the original assets’ prices. In contrast, the
hexanomial lattice works directly with assets’ prices instead of variables which are linear functions of assets’ prices. The con-
nection to the payoff function is thus transparent, whereas orthogonalization obscures it somewhat.

A common challenge facing a lattice is pricing barrier options with good convergence behavior. The payoff of a barrier
option depends on whether an asset’s price ever touches a certain price level called the barrier. There are two general types
of barrier options. A knock-out option immediately terminates if an asset’s price touches the barrier. In contrast, a knock-in



Download English Version:

https://daneshyari.com/en/article/4628289

Download Persian Version:

https://daneshyari.com/article/4628289

Daneshyari.com


https://daneshyari.com/en/article/4628289
https://daneshyari.com/article/4628289
https://daneshyari.com

