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1. Introduction

Impulsive differential equations appear to represent a natural framework for mathematical modelings of several real
world phenomena. For instance, systems with impulse effects have applications in physics, biotechnology, industrial
robotics, radiotechnology, pharmacokinetics, population dynamics, ecology, optimal control, the study of microorganism
reproduction, economics, production theory, and so on. The investigation of impulsive differential equations first appears
in 1960 (see [7]). As time goes on, the theories of the impulsive differential equations have been gradually improved. Many
scientists have studied the impulsive differential equations from different angles (see [1,3,4]): global existence of solutions,
the continuous dependence on parameter and the initial value, boundary value problems, periodic solution and so on.
However, many impulsive differential equations cannot be solved analytically or their solving is more complication. At this
time, taking numerical methods is a good choice. But to the best of our knowledge, there are few articles referred to this
domain, see [8] (Runge-Kutta methods for linear impulsive differential equation), [6] (Runge-Kutta methods for linear
impulsive differential systems), [5] (Lyapunov methods for nonlinear impulsive differential systems), [3] (Euler methods
for impulsive delay differential equations), and so on.

In this paper, we use collocation methods to investigate the following impulsive differential equation:

y(t)=a(t)yt), t#1t, tel:=][0,T],

AY = By, t=1, k=0,1,..., (1.1)

y(07) =y,,
where a:I—R is a given function and sufficient smooth, aAy=y(t")-y(t),y(t") is the right limit of
y(t),0 =74 < To < T; < ---. The paper is organized as follows. In Section 2, we give the collocation scheme and study the
existence and uniqueness of collocation solutions. The global convergence of collocation solutions is investigated in Section 3,
and in Section 4 we analyze their global and local superconvergence properties. Section 5 focuses on the asymptotic stability

of the collocation solution. Section 6 contains the results of a sample of numerical experiments.
In the paper we always assume that there exist two constants 0; and 0, such that

0<0; <Tp—Tr1 <0 <00 forallkez.
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Definition 1.1. (Bainov [1]) The function y : I — R is said to be a solution of the system (1.1) if the following conditions are
satisfied:

1. lim, o y(t) =y, = y(0").
2. For t €I, t # 1y, the function y(t) is differentiable and y'(t) = a(t)y(t).
3. The function y(t) is left continuous in I, and if t € I and t = T, then y(t*) = (1 + By)y(t).

2. Collocation methods

Without loss of generality, we assume that T = 7. In order to ensure the convergence of the method, we take 7, as nodes.
Let p > 1 be a given positive integer and Ty = f.1),(—1 < k < K). On each intervals (7,1, Tx), we insert p — 1 nodes and de-
fine as tipi1, tipr2, - - - thpp-1- Lt hy := tnyq — £, be the given stepsize on (t,, tyy1) and the mesh on I be defined by

Ih = {tn :0= th<ti<---< t(1(+])p = T}

Accordingly, the collocation points are chosen as
Xp={thi=th+ch,:0<c1 < <cm <1},
where {c;} denotes a given set of collocation parameters.
Define ¢, := (t,, ts.1). We approximate the solution by collocation in the piecewise polynomial space
o av =0, ift#1, tel
SO = 1/:1/767'6.{ ’ Y }
m (h) { |g" m AV :Bkl/, t="1k ’

where 7, denotes the set of all real polynomials of degree not exceeding m, and Av := v(t*) — v(t). Note that the usual
piecewise polynomial space is S (I) := {v € C(I) : V|, € Tm}. The collocation solution u; is the element in this space that
satisfies the collocation equation

up (t) = a(t)uy(t), t# Ty, t€Xp,
Aup(tip) = Braun(tip), k=1,2,... . K+1, (2.1)
up(0) =y,

here, we provide u,(t) and uj,(t) is left continuous. .
Now, let us consider the numerical solution of the initial value problem (1.1). By u, € S (1), we have

m

Up(tn + vhy) = > Li(0)Yn), (2.2)

=
where Y,; := uj(t, + ¢;jh,),Lj(v) is the Lagrange fundamental with respect to the distinct collocation parameters {c;} and the
value is

m _Ci

Li(v) = H e

i=1i #j

<

Integrating (2.2), we have

Up(ty + vhy) = up(t5) + hniﬁj(y)yn_j, ve(0,1], (2.3)
=1

where

Bi(v) = /O "L(s)ds.

By the definition of S (I;), we can obtain
Up(tn), n # pk

up(th) =
) { (1+ B 1)un(ty), n=pk,
By (2.1) and (2.3), we have at t,;,

k=1,2,...K+1. (2.4)

Yii = a(tn;)un(tn;) = a(tn;) [Uh(fﬁ) + hniaijyn.j:| ;

=

where a; := f;(c;).
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