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a b s t r a c t

This paper investigates two types of controllability for time-varying switching impulsive
control systems with time delays and the relation between the two concepts. By character-
izing the solution of the system, we establish necessary and sufficient conditions of the
controllability of delayed switching impulsive systems with respect to a given switching
time sequence. For some special cases, linear time-varying switching impulsive systems
with or without time delay, the corresponding criteria are obtained. Compared with some
existing results, the results presented here are more general and less conservative. Numer-
ical examples are provided to show the effectiveness of the proposed methods.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Many real systems in physics, chemistry, biology, engineering, and information science exhibit impulsive dynamical
behaviors due to abrupt changes at certain instants during the continuous dynamical processes. Hence, the study of dynam-
ical systems with impulsive effects is of great importance and has received an increasing interest in the recent years, see [1–
3] and the references therein. Nowadays, switching systems have been attracting considerable attention in the control com-
munity recently due to their theoretical development and practical applications in manufacturing, communication networks,
and so on. Most efforts have focused on the controllability, and observability of switching systems [4–7]. Furthermore, since
time-delay exists frequently in economic, biological and physiological systems, research on the control theory of systems
with time delay has become an important topic. [8–14]. Hence, it is necessary to investigate time-varying switching impul-
sive systems with time delay, which has practical background in aerospace, economy, communication, etc.

Throughout the history of modern control theory and engineering, the controllability and observability play a central role
since they have close connections to pole assignment, structural decomposition, quadratic optimal control and observer de-
sign. Different techniques are utilized to investigate the controllability and observability of various hybrid systems, such as
fixed-point theorem for delayed systems [12,13], Lie algebraic approach for nonlinear systems[15], geometric analysis for
linear systems [4–6,16], and algebraic analysis for time varying systems [12,17–20].

A commonly adopted method to deal with the controllability of delayed systems is functional analysis approach such as
fixed point theory [10,11,21]. Due to the abstract conditions, the main difficulty of using the functional analysis method lies
in the verification of the conditions for practical systems. In addition, the lack of analytic solution approach has limited the
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applicability of the existing theory to nonlinear systems with time delay. In [9], the criteria for controllability and observ-
ability of state delay differential equations were presented by the matrix Lambert W function. Since state delays and input
delay are significantly different kinds of delays, the system solution expression and the approach employed to analyze the
controllability of the two kinds of systems are also different. To the best of our knowledge, there is no result on the control-
lability of time-varying switched impulsive systems with delayed input. However, as an important model for dealing with
complex real systems, it is necessary to consider the controllability of such systems. This motivates our current work.

In this paper, we study two types of controllability for controlled switching impulsive systems with time delay, where the
impulses occur at the switching instants. A new approach based on the algebraic analysis is proposed. The explicit criteria for
the controllability are presented in terms of matrix rank condition. The results are easy to check. When reduced to special
cases, i.e., linear time-varying switching impulsive systems with or without time delay, the obtained criteria include some
known results in the literatures. Moreover, from the numerical examples, it is interesting to find that the time delay or im-
pulses could contribute to achieve the controllability of time-varying switched systems even if the original systems without
time delay or impulses are not controllable.

The rest of this paper is organized as follows. In Section 2, the controlled switching impulsive system model is formulated
and the solution of the controlled switching impulsive system is presented. In Section 3, necessary and sufficient conditions
for two types of controllability of controlled switching impulsive systems with time delays are established, and the compar-
ison with several existing results are discussed. Two numerical examples are presented in Section 4. Finally, some conclu-
sions are drawn in Section 5.

2. Preliminaries

We consider the controlled switching impulsive systems with time delay as follows,

_xðtÞ ¼ AqðtÞðtÞxðtÞ þ BqðtÞðtÞuðtÞ þ LqðtÞðtÞuðt � sÞ; t 2 ðtk�1; tk�;
Dx ¼ CqðtÞðtÞxðtÞ þ DqðtÞðtÞvðtÞ; t ¼ tk;

xðtþ0 Þ ¼ x0;

uðsÞ ¼ u0ðsÞ; s 2 ½t0 � s; t0�;

8>>><
>>>:

ð1Þ

where k ¼ 1;2; . . . ;AqðtÞðtÞ 2 Rn�n; BqðtÞðtÞ 2 Rn�b; LqðtÞðtÞ 2 Rn�b; CqðtÞðtÞ 2 Rn�n and DqðtÞðtÞ 2 Rn�d, are continuous time vary-
ing matrices, xðtÞ 2 Rn is the state vector, uðtÞ 2 Rb is a piecewise continuous time input, and vðtÞ 2 Rd is a discrete time in-
put. The left continuous time function qðtÞ : Rþ ! Q ¼ f1;2; . . . ; rg denotes the switching signal. DxðtkÞ ¼ xðtþk Þ � xðt�k Þ, where
xðtþk Þ ¼ limh!0þxðtk þ hÞ, xðtkÞ ¼ xðt�k Þ ¼ limh!0þxðtk � hÞ with discontinuity points t0 < t1 < t2 < � � � < tM < tMþ1 ¼ tf . These
discontinuity points constitute a switching time sequence, at which the impulsive behavior occur, denoted as R ¼ ftigMþ1

i¼1 .
hi ¼ ti � ti�1; hi > s > 0; i ¼ 1;2 . . . ;M þ 1, where s is the time delay in the control input. u0ðsÞ 2 Rb; s 2 ½t0 � s; t0� is an ini-
tial input mapping. Let A> be the transpose of the matrix A.

Q1
i¼kAi stands for the matrix product AkAk�1 � � �A1. Denote

NM ¼ f1;2; . . . ;Mg, NMþ1 ¼ f1;2; . . . ;M þ 1g.
The system model of (1) is a differential functional equation with impulsive and switching effects. Thus the dynamic

behavior becomes much more complicated, which leads to the difficulty of investigating the controllability of such systems.
In general, the controllability issue is considered by various fixed-point theorems based on the functional analysis [8–11,21].
While in our current work, we try to extend an algebraic approach to obtain easily verifiable conditions. For convenience, the
definition of an admissible switching signal is given first.

Definition 2.1 [18]. For the given switching time sequence R ¼ ftigMþ1
i¼1 with tMþ1 ¼ tf , the function q : ½t0; tf � ! Q is said to

be an admissible switching signal if

(i) qðtÞ � qðt0Þ ¼ qðt1Þ, for t 2 ½t0; t1�,
(ii) qðtÞ � qðtþi Þ ¼ qðtiþ1Þ, for t 2 ðti; tiþ1�; i 2 NM .

In this paper, for a given switching time sequence R ¼ ftigMþ1
i¼1 with tMþ1 ¼ tf , suppose that there exists an admissible

switching signal qðtÞ. Corresponding to the controlled switching impulsive system (1), for every qðtÞ 2 Q , consider the differ-
ential equation

_xðtÞ ¼ AqðtÞðtÞxðtÞ: ð2Þ

Let XqðtÞðtÞ be the fundamental solution matrix of system (2). Then Xqðtiþ1Þðt; sÞ :¼ Xqðtiþ1ÞðtÞX
�1
qðtiþ1ÞðsÞ is the transition matrix

associated with the matrix AqðtÞðtÞ, t; s 2 ðti; tiþ1�; i ¼ 0;1; . . . ;M. It is clear that Xqðtiþ1Þðt; tÞ ¼ I, where I is the identity matrix of

order n;Xqðtiþ1Þðt; zÞXqðtiþ1Þðz; sÞ ¼ Xqðtiþ1Þðt; sÞ and Xqðtiþ1Þðt; sÞ ¼ X�1
qðtiþ1Þðs; tÞ for s; t; z 2 ½t0;þ1Þ. In the following, the solution of

system (1) is explicitly characterized.

Lemma 2.2. For a given switching time sequence R ¼ ftigMþ1
i¼1 , and t 2 ðtk�1 þ s; tk�; k ¼ 2; . . . ;M þ 1, the solution of system (1) is

given by
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