
Properties of solution of fractional backward stochastic
differential equation

Hui Zhang
School of Mathematics and Quantitative Economics, Shandong University of Finance and Economics, Jinan 250014, PR China

a r t i c l e i n f o

Keywords:
Backward stochastic differential equation
Fractional Brownian motion
Quasi-conditional expectation
Jensen’s inequality
Comparison theorem
Comonotonic theorem

a b s t r a c t

The backward stochastic differential equations (BSDEs) driven by fractional Brownian
motion are studied. As an important tool, the quasi-conditional expectation is used. The
general forms of Jensen’s inequality of quasi-conditional expectation are proved. For the
linear BSDEs, their solutions are represented by using the quasi-conditional expectation.
Moreover, the comparison theorem and comonotonic theorem of the solutions of linear
BSDEs are derived.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Fractional Brownian motion with Hurst parameter H 2 ð0;1Þ is a Gaussian process BHðtÞ; t 2 R, whose mean EðBHðtÞÞ ¼ 0
and covariance EðBHðtÞBHðsÞÞ ¼ 1

2 fjtj
2H þ jsj2H � jt � sj2Hg for all s; t 2 R . For simplicity we assume BHð0Þ ¼ 0.

In this paper, we assume H > 1
2. We shall consider the BSDEs driven by fractional Brownian motion which are called frac-

tional BSDEs. Recently, stochastic calculus for fractional Brownian motion has been developed by many researchers, for de-
tail, see [1,2]. Because linear BSDEs have played an important role in the study of stochastic control and pricing of contingent
claims, we shall consider the properties of solution of the following linear BSDEs.

dyt ¼ �½at þ btyt þ ctzt�dt � ztdBHðtÞ;
yT ¼ UðgTÞ:

�
ð1:1Þ

where at ; bt ; ct are given deterministic and continuous functions, gt ¼ g0 þ bt þ
R t

0 rsdBHðsÞ with g0 being a constant and
bt ; rt being deterministic functions.

We use the quasi-conditional expectation to study the linear BSDEs. Being applied to finance, the quasi-conditional
expectation is connected with the hedging strategy. Due to its importance, we give a more detailed study of this quasi-con-
ditional expectation. We prove the general forms of Jensen’s inequality for this quasi-conditional expectation. Using the qua-
si-conditional expectation, we give the representation of the solution ðyt ; ztÞ of linear BSDEs. Applying the representation of
the solution, we prove the comparison theorem and comonotonic theorem of the linear BSDEs. If you will know the compar-
ison theorem of BSDE driven by Brownian motion, you can see Ref. [3].

This paper is organized as follows. In Section 2, we will give some notations and some basic results on fractional Brownian
motion. In Section 3, the general form of Jensen’s inequality for this quasi-conditional expectation will be established. In Sec-
tion 4, the comparison theorem and comonotonic theorem of solution of linear BSDEs will be proved. Section 5 will summa-
rize the conclusions of this paper.
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2. Preliminaries and lemmas

Fix a Hurst parameter H; 1
2 < H < 1, Define

/ðs; tÞ ¼ Hð2H � 1Þjs� tj2H�2
; s; t 2 ½0; T�: ð2:1Þ

Let f : ½0; T� ! ½0; T� be measurable. We say that f 2 L2
/½0; T� if

kfk2
T :¼

Z T

0

Z T

0
f ðsÞf ðtÞ/ðs; tÞdsdt <1: ð2:2Þ

For any f ; g 2 L2
/½0; T� , the inner product of f and g is defined by

hf ; giT :¼
Z T

0

Z T

0
f ðsÞgðtÞ/ðs; tÞdsdt: ð2:3Þ

If we equip L2
/½0; T� with above inner product, then L2

/½0; T� is a separable Hilbert space. Let n1; . . . ; nk; . . . be continuous func-
tions on ½0; T� such that hni; nji/ ¼ di;j. Let PT be the set of all elements of the form

FðxÞ ¼ f
Z T

0
n1ðtÞdBHðtÞ; . . . ;

Z T

0
nnðtÞdBHðtÞ

� �
;

where f is a polynomial of n variables.
The Malliavin derivative DH

s of FðxÞ is defined by

DH
s FðxÞ ¼

Xn

j¼1

@f
@xj

Z T

0
n1ðtÞdBHðtÞ; . . . ;

Z T

0
nnðtÞdBHðtÞ

� �
njðsÞ; 0 6 s 6 T: ð2:4Þ

Introduce also another derivative

DH
s FðxÞ ¼

Z T

0
/ðs; vÞDH

v Fdv ; 0 6 s 6 T: ð2:5Þ

The following theorems play an important role in this paper (see [4]).

Theorem 2.1. Let 1
2 < H < 1 and let f 2 L2½0; T� be a deterministic function. Suppose that kfkt is continuously differentiable as a

function of t 2 ½0; T�. Denote

Xt ¼ X0 þ
Z t

0
gsdsþ

Z t

0
fsdBHðsÞ; 0 6 t 6 T;

where X0 is a constant, and g is deterministic with
R T

0 jgsjds <1. Let F be continuously differentiable with respect to t and
twice continuously differentiable with respect to x. Then

Fðt;XtÞ ¼ Fð0;X0Þ þ
Z t

0

@F
@s
ðs;XsÞdsþ

Z t

0

@F
@x
ðs;XsÞdXs þ

1
2

Z t

0

@2F
@x2 ðs;XsÞ

d
ds
kfk2

s

� �
ds; 0 6 t 6 T:

Theorem 2.2. Let fiðsÞ; giðsÞ; 0 6 s 6 T be real valued stochastic processes such that

E
Z T

0
jfiðsÞj2dsþ

Z T

0
jgiðsÞj

2ds
� �

<1; i ¼ 1;2:

Assume also that DH
t f2ðsÞ and DH

t g2ðsÞ are continuously differentiable with respect to s; t 2 ½0; T� for almost all x 2 X . Suppose that

E½
R T

0

R T
0 jD

H
t f2ðsÞj2dsdt� <1, and E½

R T
0

R T
0 jD

H
t g2ðsÞj

2dsdt� <1. Denote

FðtÞ ¼
Z t

0
f1ðsÞdsþ

Z t

0
f2ðsÞdBHðsÞ; 0 6 t 6 T:

GðtÞ ¼
Z t

0
g1ðsÞdsþ

Z t

0
g2ðsÞdBHðsÞ; 0 6 t 6 T:

Then

FðtÞGðtÞ ¼
Z t

0
FðsÞg1ðsÞdsþ

Z t

0
FðsÞg2ðsÞdBHðsÞ þ

Z t

0
GðsÞf1ðsÞdsþ

Z t

0
GðsÞf2ðsÞdBHðsÞ þ

Z t

0
DH

s FðsÞg2ðsÞds

þ
Z t

0
DH

s GðsÞf2ðsÞds; 0 6 t 6 T:
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