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Keywords: The backward stochastic differential equations (BSDEs) driven by fractional Brownian
Backward Stochaﬁtic difftfrential equation motion are studied. As an important tool, the quasi-conditional expectation is used. The
FfaCt}Onal Brownian motion general forms of Jensen’s inequality of quasi-conditional expectation are proved. For the
Quasi-conditional expectation linear BSDEs, their solutions are represented by using the quasi-conditional expectation.
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Moreover, the comparison theorem and comonotonic theorem of the solutions of linear
BSDEs are derived.
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1. Introduction

Fractional Brownian motion with Hurst parameter H € (0, 1) is a Gaussian process By(t), t € R, whose mean E(By(t)) =0
and covariance E(By(t)Byu(s)) = 1 {|t/* + |s/*" — |t —s|*'} for all s, ¢ € R . For simplicity we assume By(0) = 0.

In this paper, we assume H > J. We shall consider the BSDEs driven by fractional Brownian motion which are called frac-
tional BSDEs. Recently, stochastic calculus for fractional Brownian motion has been developed by many researchers, for de-
tail, see [1,2]. Because linear BSDEs have played an important role in the study of stochastic control and pricing of contingent
claims, we shall consider the properties of solution of the following linear BSDEs.

{ dy, = —[ote + By + 7,2]dt — z:dBy(t),
yr = O(ny).

where o, f;, y, are given deterministic and continuous functions, #, = 1, + b; + jé osdBy(s) with 5, being a constant and
b¢, o, being deterministic functions.

We use the quasi-conditional expectation to study the linear BSDEs. Being applied to finance, the quasi-conditional
expectation is connected with the hedging strategy. Due to its importance, we give a more detailed study of this quasi-con-
ditional expectation. We prove the general forms of Jensen’s inequality for this quasi-conditional expectation. Using the qua-
si-conditional expectation, we give the representation of the solution (y,,z) of linear BSDEs. Applying the representation of
the solution, we prove the comparison theorem and comonotonic theorem of the linear BSDEs. If you will know the compar-
ison theorem of BSDE driven by Brownian motion, you can see Ref. [3].

This paper is organized as follows. In Section 2, we will give some notations and some basic results on fractional Brownian
motion. In Section 3, the general form of Jensen’s inequality for this quasi-conditional expectation will be established. In Sec-
tion 4, the comparison theorem and comonotonic theorem of solution of linear BSDEs will be proved. Section 5 will summa-
rize the conclusions of this paper.
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2. Preliminaries and lemmas

Fix a Hurst parameter H, 1 < H < 1, Define

o(s,t) =HQH - 1)|s — t"*, s,te[0,T]. 2.1)
Let f : [0,T] — [0, T] be measurable. We say that f € Li[O,T] if
If2 _/ /f $(s, t)dsdt < . (2.2)
For any f,g € L 5[0, T] , the inner product of f and g is defined by
(ngf//f B(s, t)dsdt. 2.3)
If we equip Li [0, T} with above inner product, then Li [0,T] is a separable Hilbert space. Let &4, ..., &, ... be continuous func-

tions on [0, T] such that (&;, &), = di;. Let Pr be the set of all elements of the form

F(a)):f(/OT £)dBy(t) /é,, (6)dBy (t) )

where fis a polynomial of n variables.
The Malliavin derivative DY of F(w) is defined by

DHF(a (/ £ (6)dBy (t) / (t)dBH(t))g“j(s), 0<s<T. (2.4)
0
Introduce also another derivative
T
DHF(w) = /0 (s, )D'Fdy, 0<s<T. (2.5)
The following theorems play an important role in this paper (see [4]).

Theorem 2.1. Let }<H < 1 and let f € %[0, T] be a deterministic function. Suppose that ||f||, is continuously differentiable as a
function of t € [0, T]. Denote

t t
Xt:Xo+/ gsd5+/fsdBH(S), 0<t<T,
0 0

where Xj is a constant, and g is deterministic with fOT |g,|ds < cc. Let F be continuously differentiable with respect to t and
twice continuously differentiable with respect to x. Then

' OF ' OF 1 [t &*F
F(t,Xt):F(QXO)-«—/O g(s7x5)als+/0 XK+ [ Soisx ){ ws} 0<t<T.

Theorem 2.2. Let fi(s), g;(s), 0 <s < T be real valued stochastic processes such that

| frs)Ps + / " lg(s)Pds

Assume also that DF'f, (s) and D!g, (s) are continuously differentiable with respect to s, t € [0, T for almost all ® € Q . Suppose that
Elfq Jo |Dlif(s)Pdsdt] < oo, and E[fy [o |Dl'g,(s)*dsdt] < oc. Denote

<oo, 1=1,2.

t):/ofl(S)dS+/0f2(S)dBH(s)7 0<t<T.

t t
=/ gl(s)ds+/ & (s)dBu(s), 0<t<T.
0 0

Then

F(t /F Vg, (s ds+/F )8, (s)dBy(s) /G (S)fi(s ds+/G (S)f2(S)dBu(S) /D”F )82(s)ds

+/ DHG(s)fa(s)ds, 0<t<T.
0
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