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Derivational formulas

on - In the present work one considers integrability conditions of derivational equations
Integrability conditions

obtained by using the 1st and the 2nd kind of covariant derivative. We obtain also the cor-
responding Gauss-Codazzi equations. Similar results using simultaneously the both kinds
of covariant derivative are obtained.
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1. Introduction

1.1. A generalized Riemannian space GRy [2,3,10] is a differentiable manifold equipped with an asymmetric basic tensor
Gji(x',...,xN) (the components) where x are the local coordinates. The symmetric, respectively antisymmetric part of G; are
H,‘j and KU

For the lowering and rasing of indices in GRy one uses Hy, respectively HY, where

(H') = (Hy)™", (det(Hy) #0). (1.1)
Cristoffel symbols at GRy are

1 1 i
Tij = 5 (Gjik — Gji + Girj);  Tj = HPTpj, (1.2)

where, for example, Gji; = 9G;;/0x*. Based on the asymmetry of Gj, it follows that the Cristoffel symbols are also asymmetric
with respect to j, k in (1.2).
By equations

xXx=x@,.. .  uM=xw), i=1,.,N, (1.3)
a submanifold Xy is defined in local coordinates. If rank(B,) = M (B., = dx/ou”) and

8, = B,B,Gj. (1.4)
Xy becomes GRy, ¢ GRy, with induced basic tensor (1.4), which is generally also asymmetric. Note that in the present work

Latin indices i,j, ... take values 1, ..., N and refer to the GRy, while the Greek ones take values 1,...,M and refer to the GR,.
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In the GRy are valid the relations similar to (1.1) and (1.2). The symmetric part of g, is denoted with h;, and antisym-
metric one with ks, where e.g.
hyy = B,BiHy,  (h™) = (hyy) " (1.5)
Cristoffel symbols l:am,, fﬁ? = h““f"n_m, are expressed by g,, analogously to (1.2).
For the unit, mutually orthogonal vectors N}, which are orthogonal to the GRy too, we have [4,5,8,9,11]
HyN\N, = x5 = hap, ea € {—1,1}, HzN,B, =0, (1.6)

where A,B,... e {M+1,...,N}.
As it is known, the following relations between Cristoffel symbols of a generalized Riemannian space and its subspace are
valid:

Loy = TijxB,B}B, + HyB,B),,. (1.7)

I% =Wy, = W™(TyBLB}BY + HyB,B).), (1.8)
i.e.

% = h™HyB) (T} B,BS + By). (1.8)

The set of normals of the submanifold X,; ¢ GRy make a normal bundle for X,;, and we note it XﬁfM. One can introduce a
metric tensor on Xy ,, [1,11,12]

2 = GiN,Nj, (1.9)

which is asymmetric in a general case.
The symmetric part is

€a, A= B7

0, otherwise.’ enc{-1.1} (1.10)

hAB = H,}NAN’B (1:5)6,;52 = hBA = {

If
(h*) = (hag)™",
we have
hAB = eAé'g = hAB = hBA.

On X§_,, one can define in two manners connection coefficients [1,5,11,12]

T4, = Hyh"® = N, (N}, + TgpN3BY). (1.11)
1 pq
2

Being the coefficients I, ', T non-symmetric in general, for a tensor, defined at points of GRy, is possible define four kinds of
covariant derivative. For example

Vet =t =t + Tpmtls Bl — Thp 6Bl + Thptiid — Tt + T, 670 — Ty, 62 (1.12)

1 B — JﬂBl\u JBB.u BB T H jm-psB puinB PuTipB 1Bu jBP*
mp mj ur
2 2 pm m;' U Zﬁ» 2 2
3 3 mp . UT 1 2
In this way four connection V,0 ¢ {1,...,4}, on Xy C GRy are defined. We shall note the obtained structures

(Xu C GRw, Y, 0 € {1,....4}).
2. First and second kind integrability conditions of derivational equations

2.1. Based on the Th. 1.1 in [5], for tangent vectors of a submanifold X, c GRy are in force derivational equations

B‘;L“ = ;g}sz}a, 0e{1,2} (2.1)

and, based on the Th. 2.1., for unit normals
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