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a b s t r a c t

The basic information on generalized Riemannian space GRN and its submanifold XM and
normal bundle XN

N�M are given. As introduced connections are generally asymmetric, it is
possible to define four kinds of covariant derivative.

In the present work one considers integrability conditions of derivational equations
obtained by using the 1st and the 2nd kind of covariant derivative. We obtain also the cor-
responding Gauss–Codazzi equations. Similar results using simultaneously the both kinds
of covariant derivative are obtained.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

1.1. A generalized Riemannian space GRN [2,3,10] is a differentiable manifold equipped with an asymmetric basic tensor
Gijðx1; . . . ; xNÞ (the components) where xi are the local coordinates. The symmetric, respectively antisymmetric part of Gij are
Hij and Kij.

For the lowering and rasing of indices in GRN one uses Hij, respectively Hij, where

ðHijÞ ¼ ðHijÞ�1
; ðdetðHijÞ– 0Þ: ð1:1Þ

Cristoffel symbols at GRN are

Ci�jk ¼
1
2
ðGji;k � Gjk;i þ Gik;jÞ; Ci

jk ¼ HipCp�jk; ð1:2Þ

where, for example, Gji;k ¼ @Gji=@xk. Based on the asymmetry of Gij, it follows that the Cristoffel symbols are also asymmetric
with respect to j; k in (1.2).

By equations

xi ¼ xiðu1; . . . ;uMÞ � xiðuaÞ; i ¼ 1; ::;N; ð1:3Þ

a submanifold XM is defined in local coordinates. If rankðBi
aÞ ¼ M ðBi

a ¼ @xi=@uaÞ and

gab ¼ Bi
aBj

bGij; ð1:4Þ

XM becomes GRM � GRN , with induced basic tensor (1.4), which is generally also asymmetric. Note that in the present work
Latin indices i; j; . . . take values 1; . . . ;N and refer to the GRN , while the Greek ones take values 1; . . . ;M and refer to the GRM .
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In the GRM are valid the relations similar to (1.1) and (1.2). The symmetric part of gab is denoted with hab, and antisym-
metric one with kab, where e.g.

hab ¼ Bi
aBj

bHij; ðhabÞ ¼ ðhabÞ�1
: ð1:5Þ

Cristoffel symbols eCa�bc; eCa
bc ¼ hap eCp�bc are expressed by gab analogously to (1.2).

For the unit, mutually orthogonal vectors Ni
A, which are orthogonal to the GRM too, we have [4,5,8,9,11]

HijN
i
ANj

B ¼ eAd
A
B ¼ hAB; eA 2 f�1;1g; HijN

i
ABj

a ¼ 0; ð1:6Þ

where A;B; . . . 2 fM þ 1; . . . ;Ng.
As it is known, the following relations between Cristoffel symbols of a generalized Riemannian space and its subspace are

valid: eCa�bc ¼ Ci�jkBi
aBj

bBk
c þ HijB

i
aBj

b;c; ð1:7Þ

eCa
bc ¼ hpa eCp�bc ¼ hpaðCi�jkBi

pBj
bBk

c þ HijB
i
pBj

b;cÞ; ð1:8Þ

i.e. eCa
bc ¼ hpaHpiB

p
pðC

i
jkBj

bBk
c þ Bi

b;cÞ: ð1:80 Þ

The set of normals of the submanifold XM � GRN make a normal bundle for XM , and we note it XN
N�M . One can introduce a

metric tensor on XN
N�M [1,11,12]

gAB ¼ GijN
i
ANj

B; ð1:9Þ

which is asymmetric in a general case.
The symmetric part is

hAB ¼ HijN
i
ANj

B ¼ð1:5Þ eAd
A
B ¼ hBA ¼

eA; A ¼ B;
0; otherwise:

�
; eA 2 f�1;1g: ð1:10Þ

If

ðhABÞ ¼ ðhABÞ�1
;

we have

hAB ¼ eAd
A
B ¼ hAB ¼ hBA

:

On XN
N�M one can define in two manners connection coefficients [1,5,11,12]

CA
Bl
1
2

¼ Hijh
AQ ¼ Nj

Q ðN
i
B;l þ Ci

qp
pq

Np
BBq

lÞ: ð1:11Þ

Being the coefficients C; eC;C non-symmetric in general, for a tensor, defined at points of GRM , is possible define four kinds of
covariant derivative. For example

rl
1
2
3
4

tiaA
jbB � tiaA

jbB j
1
2
3
4

l ¼ tiaA
jbB;l þ Ci

pm
mp
pm
mp

tpaA
jbB Bm

l � CP
jm
mj
mj
jm

tiaA
pbBBm

l þ eCa
pl
lp
pl
lp

tipA
jbB � eCp

bl
lb
lb
bl

tiaA
jpB þ CA

Pl
1
2
1
2

tiaP
jbB � CP

Bl
1
2
2
1

tiaA
jbP : ð1:12Þ

In this way four connection r
h
; h 2 f1; . . . ;4g, on XM � GRN are defined. We shall note the obtained structures

ðXM � GRN;r
h
; h 2 f1; . . . ;4gÞ.

2. First and second kind integrability conditions of derivational equations

2.1. Based on the Th. 1.1 in [5], for tangent vectors of a submanifold XM � GRN are in force derivational equations

Bi
aj
h
l ¼

X
P

X
h

PalNi
P ; h 2 f1;2g ð2:1Þ

and, based on the Th. 2.1., for unit normals
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