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1. Introduction

The study of many physical phenomena can be reduced to the analysis of certain differential equations: these, in turn,
demand insight for their solutions [1-12,28,34,38]. One of the simplest and most widely used linear differential equation
is given [9,11,13-20,35] by

(G20X* + 21X + a22)Y" + (10X + A11)Y — Tooy = 0, "=d/dx, (1)

where the parameters a;x,j = 0,1,2,k =0, 1,2 are real constants and 7 is a function of some non-negative integer n. It is
known that the differential equation (1) has an n-degree polynomial solution if

Too =n(n—1)a0+na;p, n=0,1,2,... 2)

The proof of this fact follows by substituting y(x) = >";_,cxx* in Eq. (1) and differentiating the resulting equation n times to
obtain the condition (2). On the other hand, if a differential equation has the form

(a2.0%% + A2 1X + G22)Y" + (@10X + a11)Y' — (1 — 1)@z + naoly = 0, (3)

where a3, + a2, # 0, then one solution of this differential equation is a polynomial of degree at most n. The proof of this
claim is as follows. We first write Eq. (3) as

V' = XY +s0x)y, (4)
where

_ n(n—1)azp +nap
and  so(x) = (A20%% + 21X + a22) :

(01.0X + a1 )

Jo(X) = —
O( ) (az,oxz + 021X + (12'2)
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We then differentiate Eq. (4) n — 1 and n times respectively to obtain

YUY = (X)Y s (X)y and Y™ = Zn(x)y + sa(x)y, (6)
where

In(X) =25 1 (X) 4+ Sn-1(X) + 20(X)An_1(x) and  Sp(x) =), 1 (X) +So(X)An_1(X), n=1,2,3,... (7)

Now multiply the first equation of (6) by 4,_1(x) and the second equation by 4,(x), then subtract the resulting equations to
obtain

InaY ™2 = Jy ™Y = 6ny, On = An(X)Sn1 (X) = A1 (X)Sn(X). (8)

For /(%) and so(x) given by (5), by induction we show that 5, = 0 for alln =1,2,...: For n = 1, a straightforward computa-
tion, using (5), allows us to conclude that §; = 0; assuming 5, = 0 we have for

) ) i\’ J )2
Onit = Zns1Sn — nSnir = (A + Sn + Aoin)Sn — (S}, + Soln) = S2 {(s—”> +1+4 (S—”> —sob <S—") }
n

n n

2 [ ;Ln—l ' ” An—l An—] 2 .
=S;l{— ) +1+ 4 —So| — , since 6,=0
Sn-1 Sn-1 Sn-1

(2 s Jn_ na)?
:Sﬁ R e S ; nl +1 -‘r)»o( n 1) —So< L ]>
_Sn,1 Shq Sn-1 Sn-1

_ _/1;71 +Sn_1 + AoAn-1 _ An-1 (5;171 + S()).n,1):| _ g |: /n _ Snln—1:| _ S% 8, = 0.
" Sn-1 Sa1 s sp Sa1
Eq. (8) then implies
M
) — Cy e A1 (T) g 9
yrv = e ([ 4t ). )
where C; is a constant. Thus, Eq. (6) reduces to a first-order linear equation with a solution of the form
X
Sn-1(7)
X)=exp|— dt ). 10
v =esp (- [ ) v

If we differentiate (10) and substitute y’ = —s,_1(X) - ¥/4s_1(x) in Eq. (6) once again, we obtain y™+)(x) = 0, i.e. y(x) is a poly-
nomial of degree at most n.

The differential equation (3) represents the source of many well-established results in the realm of special functions and
orthogonal polynomials [3,9,11,13-19,21,22]. The classification of the standard orthogonal polynomials, for example, follows
from the analysis of the polynomial solutions of this differential equation [9,14]. These results have found very many appli-
cations in diverse areas of mathematical and theoretical physics. For illustrative purposes we cite only a few references here:
[1,2,4-8,10,12,23,25-27,29-33,36,37]. Most of the results concerning the polynomial solutions of Eq. (1) are obtained either
as special cases of the parameters a; or through various transformations to reduce the complexity of dealing with differen-
tial equation directly. For example, for a,o # 0, with

2
) a3, —4a00;, a —0y1 £ /05, — 402002
= :F . s =
a0 2030

the change of variable x = pt + g reduces the differential equation (3) to the classical hypergeometric differential equation

&’y —(a10(pt +q) +a11) dy  n(n—1)azo + navo

t(1—t 0 11
( ) dt? paz dt azp an
and with
\/G%J —4a;00;, az4

p = 742(12.0 ) q = 72(12,0 (12)

the differential equation (3) reduces to
2
(- tz)d_y (aro(pt +¢q) +a11) dy N n(n—1)ao + Moy, g (13)

e Paz, dt azp

However, such transformations do not always allow us to study all the possible cases. For example, the case of a3 ; — 4a, a2, < 0
or a,o = 0. The present work focuses on studying the polynomial solutions of Eq. (3) directly, without the application of any
transformation or reduction process. In other words, we study the polynomial solutions in terms of the parameters g;; them-
selves. To our knowledge, no such study is available in the vast literature on the subject. In Section 2, we present the most gen-
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