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a b s t r a c t

In this paper, we study the existence of positive solutions for the following nonlinear frac-
tional differential equations with integral boundary conditions:

Da
0þuðtÞ þ hðtÞf ðt;uðtÞÞ ¼ 0; 0 < t < 1;

uð0Þ ¼ u0ð0Þ ¼ u00ð0Þ ¼ 0;
uð1Þ ¼ k

R g
0 uðsÞds;

8><>:
where 3 < a � 4;0 < g � 1;0 6 kga

a < 1;Da
0þ is the standard Riemann–Liouville derivative.

hðtÞ is allowed to be singular at t ¼ 0 and t ¼ 1. By using the properties of the Green func-
tion, u0-bounded function and the fixed point index theory under some conditions con-
cerning the first eigenvalue with respect to the relevant linear operator, we obtain some
existence results of positive solution.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Fractional differential equations have been of great interest recently. It is caused both by the intensive development of the
theory of fractional calculus itself and by the applications of such constructions in various fields of sciences and engineering
such as control, porous media, electromagnetic, and other fields (see [1–8,10–12] and the references therein).

In present, most papers are devoted to the sublinear problem, see [2,3]. However, there are few papers consider the super-
linear problem, see [1]. In this paper, we consider the following nonlinear fractional differential equations with integral
boundary conditions

Da
0þuðtÞ þ hðtÞf ðt;uðtÞÞ ¼ 0; 0 < t < 1;

uð0Þ ¼ u0ð0Þ ¼ u00ð0Þ ¼ 0;
uð1Þ ¼ k

R g
0 uðsÞds;

8><>: ð1Þ

under sublinear and superlinear cases, where 3 < a � 4;0 < g � 1;0 6 kga

a < 1;Da
0þ is the standard Riemann–Liouville

derivative. The existence and multiplicity of positive solutions are obtained by means of the properties of the Green function,
u0-bounded function and the fixed point index theory under some conditions concerning the first eigenvalue with respect to the
relevant linear operator. The methods are different from those in previous works. A function u 2 C3ð½0;1�;RþÞ \ C4ðð0;1Þ;RþÞ is
called a positive solution of FBVP (1) if it satisfies (1).
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The paper is organized as follows. Firstly, we derive the corresponding Green’s function known as fractional Green’s func-
tion and argue its positivity. This is our main work in this paper. Consequently, BVP (1) is reduced to an equivalent Fredholm
integral equation. Finally, the existence results of positive solutions are obtained by the use of fixed point index and spectral
radii of some related linear integral operators.

2. Background materials and Green’s function

For the convenience of the reader, we present here the necessary definitions from fractional calculus theory to facilitate
analysis of BVP (1). These definitions can be found in the recent literature, see [1–4]. Let E ¼ C½0;1� be the Banach space with
the maximum norm kuk ¼max

t2½0;1�
juðtÞj.

Definition 2.1. The Riemann–Liouville fractional integral of order a > 0 of a function y : ð0;1Þ ! R is given by

Ia0þyðtÞ ¼ 1
CðaÞ

Z t

0
ðt � sÞa�1yðsÞds;

provided the right-hand side is pointwise defined on ð0;1Þ.

Definition 2.2. The Riemann–Liouville fractional derivative of order a > 0 of a continuous function y : ð0;1Þ ! R is given by

Da
0þyðtÞ ¼ 1

Cðn� aÞ
d
dt

� �n Z t

0

yðsÞ
ðt � sÞa�nþ1 ds;

where n ¼ ½a� þ 1; ½a� denotes the integer part of the number a, provided that the right-hand side is pointwise defined on
ð0;1Þ.

From the definition of the Riemann–Liouville derivative, we can obtain the statement.

Lemma 2.1 [2]. Let a > 0. If we assume u 2 Cð0;1Þ \ L1ð0;1Þ, then the fractional differential equation

Da
0þuðtÞ ¼ 0;

uðtÞ ¼ C1ta�1 þ C2ta�2 þ � � � þ CNta�N;Ci 2 Rði ¼ 1;2; . . . ;NÞ, as unique solutions, where N is the smallest integer greater than or
equal to a.

Lemma 2.2 [2]. Assume that u 2 Cð0;1Þ \ L1ð0;1Þ with a fractional derivative of order a > 0 that belongs to Cð0;1Þ \ L1ð0;1Þ.
Then

Ia0þDa
0þuðtÞ ¼ uðtÞ þ C1ta�1 þ C2ta�2 þ � � � þ CNta�N ;

for some Ci 2 Rði ¼ 1;2; . . . ;NÞ, where N is the smallest integer greater than or equal to a.
In the following, we present Green’s function of the fractional differential equation boundary value problem.

Lemma 2.3. Given y 2 Cð0;1Þ \ L1ð0;1Þ. The problem

Da
0þuðtÞ þ yðtÞ ¼ 0;

uð0Þ ¼ u0ð0Þ ¼ u00ð0Þ ¼ 0;
uð1Þ ¼ k

R g
0 uðsÞds;

8><>: ð2Þ

where 0 < t < 1;3 < a � 4;0 < g � 1;0 6 kga

a < 1, is equivalent to

uðtÞ ¼
Z 1

0
Gðt; sÞyðsÞds;

where

Gðt; sÞ ¼

ta�1ð1�sÞa�1�k
aðg�sÞata�1�ð1�k

ag
aÞðt�sÞa�1

pð0ÞCðaÞ ; 0 6 s 6 t � 1; s 6 g;

ta�1ð1�sÞa�1�ð1�k
ag

aÞðt�sÞa�1

pð0ÞCðaÞ ; 0 6 g 6 s 6 t � 1;

ta�1ð1�sÞa�1�k
aðg�sÞata�1

pð0ÞCðaÞ ; 0 6 t 6 s 6 g � 1;

ta�1ð1�sÞa�1

pð0ÞCðaÞ ; 0 6 t 6 s � 1; g 6 s;

8>>>>>>><>>>>>>>:
ð3Þ

here, pðsÞ :¼ 1� kga

a ð1� sÞ;Gðt; sÞ is called the Green function of BVP (2). Obviously, Gðt; sÞ is continuous on ½0;1� � ½0;1�.
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