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1. Introduction

Singularly perturbed boundary value problems (BVP, for short) arise very frequently in fluid mechanics and other
branches of applied mathematics. These problems depend on a small positive parameter in such a way that the solution var-
ies rapidly in some parts and varies slowly in some other parts. There are many results on the existence and asymptotic esti-
mates of solutions for third order singularly perturbed boundary value problems [1,4-6,8-11] and therein. Many techniques
arose in the studies of this kind of problems. For example, Howes [6] has considered problems of type

ey =fy)y +gx.y),
y(@)=A, yb)=B, y(b)=C,

and discussed the existence and asymptotic estimates of the solutions by the method of descent. Zhao [10] has discussed a
more general class of a third order singularly perturbed boundary value problems of the form

1

&y =f(x,y,y,¢),
y(0)=0, y(1)=0, y(1)=0,

and discussed the existence of solution and obtained asymptotic estimates using the theory of differential inequalities. Fec-
kon [5] has studied high order problems and his approach was based on the nonlinear analysis involving fixed-point theory,
Leray-Schauder theory. Valarmathi and Ramanujam [9] have considered singularly perturbed third-order ordinary differen-
tial equations of Convection-Diffusion type by using of an asymptotic numerical method. Du et al. [4] were concerned with
the existence, uniqueness and asymptotic estimates of solutions of third order multi-point singularly perturbed boundary
value problems were give by employing priori estimates, differential inequalities technique and Leray-Schauder degree the-
ory. Lin [8] studied a two-point singularly perturbed boundary value problem to a class of nonlinear vector third order
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integro-differential equation and proved the existence of the perturbed solution, also obtained the uniformly valid asymp-
totic expansion by employing the method of differential inequalities.

However, the boundary conditions in the above-mentioned singularly perturbed boundary value problems for third-order
nonlinear differential equation are all linear. Third order boundary value problems with nonlinear boundary conditions have
been studied recently by several authors, see for example the papers [2,3,7]. Du et al. [2,3] have established some existence
results for the third order nonlinear scalar and vector full boundary value problem, respectively. Lin et al. [7] discussed the
existence and uniqueness results of the following nonlinear multi-point boundary value problem by using the upper and
lower solutions method, as well as degree theory

X"(t) + f(t,x(t),x'(t),x"(t)) =0, O0<t<1, (1)
X(0) = 0,

g(X’(O),X”(O),x(fl),x(éz)7 s sx(ém—Z)) :A7 (2)
h(X’(l),X”(]),X(?]]),X(}’Iz), e 7X(’1n72)) =B.

By so far, very few results were established for third order nonlinear singularly perturbed boundary value problems with
nonlinear boundary conditions.

Motivated by the above works, the purpose of this article is to study the singular perturbations of the following third-or-
der nonlinear ordinary differential equations

ex" (b) +f(t,x(t), ¥ (t),x"(t),e) =0, 0<t<1,0<ex1, (3)
with full nonlinear boundary conditions

x(0,¢) =0,

g(x'(0,¢),x"(0,8),x(&1,8),%(E2,8), .-+, X(Em_a, €)) = A, (4)

h(x'(1,¢),x"(1,€),x(11,, ), X(15, ), - .., X(1,_5,€)) = B,

where 0<é <& <--<éna<l, and O0<p, <ny<---<N,,<1,ABeRf:[0,1]xR —R is continuous,
g:R™ — R h:R" — R are continuous.

In this paper, we discuss the existence, uniqueness and asymptotic estimates of solutions for the singularly perturbed
boundary value problem (3) and (4). The emphases here is to construct appropriate upper and lower solutions BVP (3)
and (4) not to assume that BVP (3) and (4) exist upper and lower solutions.

The remaining part of this paper is organized as follows: in Section 2, we briefly present some definitions and lemmas
which are important to obtain our main results. In Section 3, we obtain the existence and asymptotic estimates of solutions
of singularly perturbed BVP (3) and (4) by constructing appropriate upper and lower solutions. We also establish the unique-
ness result of BVP (3) and (4).

2. Preliminaries

Definition 1 [7]. Let 7: C[0,1] — R™2 p: C[0,1] — R"2 be defined by

2= (2(&1),- - 2(Em2)),  pz=(2(), - 21, 2))- (5)
Particularly, for constant M, we denote

™™= (MM,....M)eR™ 2% pM=(M,M,..., M) e R

Definition 2 [7]. A function u(t) € c [0,1] is called a lower solution of BVP (1) and (2), if

u”(t) + f(t,u(t),u'(t),u"(t)) =0, 0<t<1, (6)
and

u(0) =0,

g(W'(0),u"(0), u) <A, (7)

hu'(1),u"(1), pu) < B.

Similarly, a function »(t) € C*[0,1] is called an upper solution of BVP (1) and (2), if
V() +f(t,v(e), V() v (£) <0, 0<t<L, (8)

and
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