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a b s t r a c t

In this paper, we study the existence and regularity of solutions for a neutral functional
integro-differential equation with state-dependent delay in Banach space. The mild solu-
tions are investigated by Sadovskii fixed point theorem under compactness condition for
the resolvent operator, and the theory of fractional power and a-norm are also used in
the discussion since the nonlinear terms of the system involve spacial derivatives. The
strict solutions are obtained under Hölder continuity condition. Hence this work extends
and develops the existed results on this topic. In the end an example is provided to illus-
trate the application of the obtained results.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we study the existence of solutions for semilinear neutral integro-differential equations with state-depen-
dent delay of the following form:

d
dt xðtÞ þ Fðt; xtÞ½ � ¼ �AxðtÞ þ

R t
0 !ðt � sÞxðsÞdsþ Gðt; xqðt;xtÞÞ; t 2 ½0; T�;

x0 ¼ u 2 Ba;

(
ð1Þ

where �A is the infinitesimal generator of an analytic semigroup on a Banach space X; !ðtÞ is a closed linear operator de-
fined later, F;G and q are given continuous functions to be specified below, and Ba is an abstract phase space endowed with a
seminorm k � kBa

.
Integro-differential equations can be used to describe a lot of natural phenomena arising from many fields such as electron-

ics, fluid dynamics, biological models and chemical kinetics. Most of these phenomena cannot be described through classical
differential equations. That is why in recent years they have attracted more and more attention of many mathematicians, phys-
icists, and engineers. Some topics for this kind of equations, such as existence and regularity, stability, (almost) periodicity of
solutions and control problems, have been investigated by many mathematicians, see [1–7] for example.

In [8–10], Grimmer et al. proved the existence of solutions of the following integrodifferential evolution equation:

v 0ðtÞ ¼ AvðtÞ þ
R t

0 !ðt � sÞvðsÞdsþ gðtÞ; for t P 0;
vð0Þ ¼ v0 2 X;

(
ð2Þ

where g : Rþ ! X is a continuous function. They obtained the representation of solutions, the existence and uniqueness of
solutions via resolvent operator associated to the following linear homogeneous equation
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v 0ðtÞ ¼ AvðtÞ þ
R t

0 !ðt � sÞvðsÞds; for t P 0;
vð0Þ ¼ v0 2 X:

(
That is, the resolvent operator RðtÞ, replacing the role of C0-semigroup for evolution equations, plays an important role in
solving Eq. (2) in weak and strict senses. In recent years much work on existence problems for nonlinear integro-differential
evolution equations has been done by many authors through applying the theory of resolvent operator. In paper [11], the
authors have discussed the local existence and regularity of solutions for the following partial functional differential equa-
tions with infinite delay in Banach space:

u0ðtÞ ¼ AuðtÞ þ
R t

0 !ðt � sÞuðsÞdsþ f ðutÞ; for t P 0;
u0 ¼ u 2 B:

(
ð3Þ

Under the assumptions that f : B ! X is continuously differentiable and f 0 : B ! LðB;XÞ is locally Lipschitz continuous, they
have showed the existence of strict solutions.

Partial neutral integro-differential equations arise, for instance, in the theory of heat conduction in fading memory mate-
rial. In the classic theory of heat conduction, it is assumed that the internal energy and the heat flux depend linearly on the
temperature u and on its gradient ru. Under these conditions, the classical heat equation describes very well the evolution
of the temperature in different types of materials. However, this description is not satisfactory in materials with fading mem-
ory. In the theory developed in [12–15], the internal energy and the heat flux are described as functionals of u and ux. The
next system, see [16–19], has been frequently used to describe this phenomena,

@

@t
uðt; xÞ þ

Z t

�1
k1ðt � sÞuðs; xÞds

� �
¼ dMuðtÞ þ

Z t

�1
k2ðt � sÞMuðs; xÞds;þf ðt;uð�; xÞÞ; for t P 0; uðt; xÞ ¼ 0; x 2 @X:

In this system, X � Rn is open, bounded and has smooth boundary, ðt; xÞ 2 ½0;1Þ �X; uðt; xÞ represents the temperature in x
at time t; d is a physical constant and ki : R! R ði ¼ 1;2Þ are the internal energy and the heat flux relaxation respectively. By
assuming the solution u is know on ð�1;0� we can transform this system into the abstract form (1).

In the past years the nonlinear neutral functional integro-differential equations with resolvent operators has become an
active area of investigation, see [20–24] and the references therein. Ezzinbi et al. [21,22] have studied the existence of mild
solutions for this type of neutral equations by using Banach fixed point theorem, and the regularity of solutions was dis-
cussed there under the conditions that the nonlinear functions f ð�; �Þ and gð�; �Þ are continuously differentiable. In addition,
functional differential equations with state-dependent delay appear frequently in various models and hence the study of this
kind of equations has also received great attention in the last years. Some recent work can be found in [25–27]. We would
like to mention here the related work [28–30] on the topic of existence problems for neutral differential equations for our
references.

We are to discuss in this paper the existence of solutions for Eq. (1) with state-dependent delay to extend the work of
[21,22,11]. One of our purpose here is to make the established results applied to the following system:

@
@t zðt; xÞ þ Fðt; zð�; xÞ; @

@x zð�; xÞÞ
� �

¼ @2

@x2 zð�; xÞ þ
R t

0 !ðt � sÞzðs; xÞdsþ G t; @z
@x ð�; xÞ

� �
;

zðt;0Þ ¼ zðt;pÞ ¼ 0; t 2 ½0; T�;

zðh; xÞ ¼ uðh; xÞ; h 6 0; 0 6 x 6 p:

8>>><>>>: ð4Þ

Clearly, this system can be treated as the abstract Eq. (1), however, the results established in [11,20–23]. become invalid for
this situation, since the functions F and G in (4) involve spatial derivatives. As one will see in Section 5, if take X ¼ L2ð½0;p�Þ,
then the history variables of F and G are defined on Cg1

2
(induced by X1

2
) and so the solutions can not be discussed on the whole

space X like in the literature [11,20–23]. In this paper, inspired by the work in [31–33], we shall discuss this problem by
using the theory of fractional power operators and a-norm, that is, we shall restrict this equation in a Banach space
Xað� XÞ and investigate the existence and regularity of mild solutions for Eq. (1) via k � ka. To obtain the existence of mild
solutions for system (1), we assume that the analytic semigroup SðtÞtP0 generated by ðA;DðAÞÞ is compact (for t > 0, but
the resolvent RðtÞ may be non-compact) and so that the fixed point principle for condensing maps is applied, this is quite
different from the works in [11,21–23]. Note that the compactness of SðtÞtP0 does not implies necessarily that the resolvent
operator RðtÞ is compact, our discussion is also different from that of Chang and Li [20] as well. Additionally, we do not re-
quire that Fð�; �Þ and Gð�; �Þ are continuously differentiable as studying the regularity of mild solutions as in [11,21,22], in-
stead, we only suppose that they are Hölder continuous. Clearly, our obtained results extend and develop the existing
results, such as the above mentioned ones.

The whole article is arranged as follows: we firstly introduce some preliminaries about analytic resolvent operators and
phase space for state-dependent delay in Section 2. Particularly, to make them to be still valid in our situation, we have re-
stated the axioms of phase space on the space Xa. The existence of mild solutions is discussed in Section 3 by applying fixed
point theorem. In Section 4, we establish some sufficient conditions to guarantee the regularity of mild solutions, that is, we
obtain the existence of strict solutions by Hölder continuity conditions. Finally, in Section 5, an example is presented to show
the applications of the obtained results.
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