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a b s t r a c t

In the present paper, we estimate the rate of convergence for functions having bounded
derivatives for certain Durrmeyer type generalization of Jain and Pethe operators. In the
last section, we also propose a new modification of the Lupas� operators and study some
direct results. We also give some open problems for the readers.
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1. Introduction

Motivated by the operators due to Jain and Pethe [12], in the year 2007 Abel and Ivan [1] considered the following
operators

ðSn;cf ÞðxÞ ¼
X1
v¼0

p½c�n;vðxÞf
v
n

� �
; x P 0 ð1:1Þ

where

p½c�n;vðxÞ ¼
c

1þ c

� �ncx ðncxÞv
v !

ð1þ cÞ�vðv ¼ 0;1; . . .Þ

where the Pochhammer symbol ðnÞk is defined as

ðnÞk ¼ nðnþ 1Þðnþ 2Þ . . . :ðnþ k� 1Þ;

with ðnÞ0 ¼ 1. As the special values i.e. if c !1, the operators (1.1) reduce to the classical Szász-Mirakyan operators and if
c ¼ 1, we get the Lupas� operators [13]. Abel and Ivan [1] estimated the complete asymptotic expansion of the operators
ðSn;cf Þ. Agratini [2] estimated some approximation properties of the operators ðSn;cf ÞðxÞ, and Tarabie [15] defined Beta type
modifications of these operators and studied statistical convergence. In order to approximate Lebesgue integrable functions
on the interval ½0;1Þ, very recently Gupta [9] proposed a Durrmeyer type modification of the operators (1.1), by considering
the weight functions b½d�n;vðtÞ as follows:

ðDn;c;df ÞðxÞ � Dn;c;dðf ; xÞ ¼ ðn� dÞ
X1
v¼0

p½c�n;vðxÞ
Z 1

0
b½d�n;vðtÞf ðtÞdt; x P 0 ð1:2Þ

0096-3003/$ - see front matter � 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.amc.2013.09.030

⇑ Corresponding author.
E-mail addresses: govilnk@auburn.edu (N.K. Govil), vijaygupta2001@hotmail.com, vijay@nsit.ac.in (V. Gupta), danyal@erciyes.edu.tr (D. Soybas�).

Applied Mathematics and Computation 225 (2013) 195–203

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate/amc

http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2013.09.030&domain=pdf
http://dx.doi.org/10.1016/j.amc.2013.09.030
mailto:govilnk@auburn.edu
mailto:vijaygupta2001@hotmail.com
mailto:vijay@nsit.ac.in
mailto:danyal@erciyes.edu.tr
http://dx.doi.org/10.1016/j.amc.2013.09.030
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


where b½d�n;v ðtÞ ¼ ð�1Þv tv

v !
/ðvÞn;dðtÞ. Here /n;d xð Þ

� �1
n¼1 is a sequence of functions, defined on 0; b½ � b > 0ð Þ, and satisfying the follow-

ing properties for every n 2 N and v 2 N [ 0f g:

(i) /n;d 2 C1 a; b½ �ð Þ b > a P 0ð Þ;
(ii) /n;d 0ð Þ ¼ 1;

(iii) /n;d xð Þ is completely monotone, that is �1ð Þv/ vð Þ
n;d xð ÞP 0 0 6 x 6 bð Þ;

(iv) there exists an integer d such that

/ vþ1ð Þ
n;d xð Þ ¼ �n/ vð Þ

nþd;d xð Þ; n > max 0;�df g; x 2 0; b½ �ð Þ:

By simple computation it can easily be verified that
P1

v¼0p½c�n;v ðxÞ ¼ 1 and
R1

0 b½d�n;v ðtÞdt ¼ 1=ðn� dÞ. Such type of values of
b½d�n;v ðtÞ were considered in [14], while introducing some other summation-integral type generalized operators. Some of the
well known operators can also be expressed in terms of Hypergeometric functions, which gives the new direction to think
the applications of approximation theory in special functions. As is well known, the hypergeometric function is given by

2F1ða; b; c; xÞ ¼
X1
k¼0

ðaÞkðbÞk
ðcÞkk!

xk

and the confluent Hypergeometric function by

1F1ða; b; xÞ ¼
X1
k¼0

ðaÞk
ðbÞkk!

xk:

We represent here the special cases of the operators (1.2) in terms of Hypergeometric functions as follows:

(1) If d ¼ 0;/n;0ðtÞ ¼ e�nt , then b½0�n;vðtÞ ¼ e�nt ðntÞv
v !

and the operators can be represented as

ðDn;c;0f ÞðxÞ ¼ n
X1
v¼0

p½c�n;vðxÞ
Z 1

0
e�nt ðntÞv

v!
f ðtÞdt

¼ n
c

1þ c

� �ncxX1
v¼0

ðncxÞv
v !ð1þ cÞv

Z 1

0
e�nt ðntÞv

v !
f ðtÞdt

¼ n
c

1þ c

� �ncx Z 1

0
e�ntf ðtÞ

X1
v¼0

ðncxÞv
ð1Þvv!

nt
1þ c

� �v

dt

¼ n
c

1þ c

� �ncx Z 1

0
e�ntf ðtÞ 1F1 ncx; 1;

nt
1þ c

� �
:

(2) If d ¼ 1; /n;1ðtÞ ¼ ð1þ tÞ�n, then clearly b½1�n;v ðtÞ ¼ nþv�1
v

� 	
tv

ð1þtÞnþv and the operators can be represented as

ðDn;c;1f ÞðxÞ ¼ ðn� 1Þ
Z 1

0

c
1þ c

� �ncxX1
v¼0

ðncxÞv
v !ð1þ cÞv

ðnÞv

v !

tv

ð1þ tÞnþv f ðtÞdt

¼ ðn� 1Þ c
1þ c

� �ncx Z 1

0
ð1þ tÞ�nf ðtÞ

X1
v¼0

ðncxÞvðnÞv
ð1Þvv!

t
ð1þ cÞð1þ tÞ

� �v

dt

¼ ðn� 1Þ c
1þ c

� �ncx Z 1

0
ð1þ tÞ�nf ðtÞ 2F1 ncx;n; 1;

t
ð1þ cÞð1þ tÞ

� �
:

Gupta [9] estimated the direct results in terms of modulus of continuity and an asymptotic formula in ordinary approxima-
tion for the operators (1.2). We now extend the studies on the operators (1.2). In the second section, we present some basic
lemmas concerning moments of the operators (1.2). In section three, we establish the rate of convergence for functions hav-
ing bounded derivatives. In the last section we propose another generalization of similar operators and estimate some direct
results.

2. Basic results

We need the following results in the sequel:

Lemma 1 [9]. Let erðtÞ ¼ tr ; r P 0, then we have

ðDn;c;derÞðxÞ ¼
Cðr þ 1ÞQrþ1
i¼1 ðn� idÞ

ðn� dÞ c
1þ c

� �ncx

2F1 ncx; r þ 1; 1;
1

1þ c

� �
:

Further, we have

ðDn;c;de0ÞðxÞ ¼ 1; ðDn;c;de1ÞðxÞ ¼
1þ nx
n� 2d
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