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a b s t r a c t

We consider the upper semicontinuity of the global random attractors for the stochastic
three-component reversible Gray–Scott system on unbounded domains when the intensity
of the noise converges to zero.
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1. Introduction

The paper is devoted to concerning with the upper- semicontinuity of the random attractors for the stochastic three-com-
ponent reversible Gray–Scott system on unbounded domains with multiplicative noise. Given a small positive parameter r,
consider the following stochastically perturbed system:

@~u
@t
¼ d1M~u� ðF þ kÞ~uþ ~u2 ~v � G~u3 þ N ~wþ f1ðxÞ þ r~u � dx

dt
;

@~v
@t
¼ d2M~v � F ~v � ~u2 ~v þ G~u3 þ f2ðxÞ þ r~v � dx

dt
;

@ ~w
@t
¼ d3M~wþ k~u� ðF þ NÞ ~wþ f3ðxÞ þ r ~w � dx

dt
;

ð1:1Þ

with initial data

~uð0; xÞ ¼ ~u0ðxÞ; ~vð0; xÞ ¼ ~v0ðxÞ; ~wð0; xÞ ¼ ~w0ðxÞ; x 2 Rn; ð1:2Þ

where ~u ¼ ~uðx; tÞ; ~v ¼ ~vðx; tÞ; ~w ¼ ~wðx; tÞ are real-valued functions on Rn � ½0;1Þ; fi ði ¼ 1;2;3Þ are nonlinear functions
satisfying certain conditions; all the parameters are arbitrarily given positive constants; x is a two-sided real-valued Wiener
process on a probability space ðX;F ;PÞ;X ¼ fx 2 CðR;RÞ : xð0Þ ¼ 0g, the Borel sigma-algebra F on X is generated by the
compact open topology (see [1]), P is the corresponding Wiener measure on F and � denotes the Stratonovich sense of
the stochastic term.

Historically, when ~w ¼ 0;G ¼ 0; f1 ¼ f3 ¼ 0; f2 ¼ F and there are not random terms (r ¼ 0), system (1.1) reduces to the
two-component Gray–Scott system which signified one of the Brussels school led by the renowned physical chemist and
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Nobel Prize laureate (1977), Ilya Prigogine, which originated from describing an isothermal, cubic autocatalytic, continuously
fed and diffusive reactions of two chemicals (see e.g. [7–10]). The three-component reversible Gray–Scott model was firstly
introduced by Mahara et al., which is based on the scheme of two reversible chemical or biochemical reactions [11]. Then in
[2], You took some nondimensional transformations, the three-component reversible system was reduced to the system
(1.1) without random forces. In [2], You considered the existence of global attractor for the system (1.1) with Neumann
boundary condition on a bounded domain of space dimension n 6 3 by the method of the re-scaling and grouping estima-
tion. In [21], the uniform attractor of a non-autonomous three-component reversible Gray–Scott system was established.

Stochastic differential equations of this type arise from many chemical or biochemical systems when random spatio-tem-
poral forcing is taken into consideration. These random perturbations are intrinsic effects in a variety of settings and spatial
scales. They may be most obviously influential at the microscopic and smaller scales but indirectly they play an important
role in macroscopic phenomena (see e.g. [12–14]). In [15–17], the influence of additive noise on Gray–Scott systems was
discussed. Recently, Gu [18] gave the existence of a compact random attractor for stochastic three-component reversible
Gray–Scott system with multiplicative white noise in a bounded domain of Rn ðn � 3Þ when f1 ¼ f3 ¼ 0; f2 ¼ F in system
(1.1). The existence of random attractor for system 1.1 and 1.2 on unbounded domains was obtained in [19].

In this paper, we will study the limiting behavior of random attractors for the stochastically perturbed reversible three-
component reaction–diffusion system (1.1) and (1.2) defined on R3n when r! 0, and prove the upper semicontinuity of
these perturbed random attractors. The main result reveals the robustness of the global asymptotic dynamics for such a class
of perturbed stochastic reversible reaction–diffusion systems. The global dynamics considered here is novel and meaningful
and it haven’t been reported yet to the best of our knowledge. It is worth mentioning that when there is not random forcing
(r ¼ 0), the upper semicontinuity of global attractors as the inverse reaction rates ðG;NÞ tend to ð0þ;0þÞ for the deterministic
system was considered in [2] by an approach of transformative decomposition to avoid the singularity factors. The result is
different from ours. Here, the main difficulty is the non-compactness of Sobolev embedding on Rn. Based on the methodol-
ogy of [6], we will overcome the obstacles by using uniform estimate for far-field values of functions lying in the perturbed
random attractors. Actually, by a cut-off technique, we will show that the values of all functions in all perturbed random
attractors are uniform convergent to zero when spatial variable approach infinity.

The paper is organized as follows. In Section 2, we recall some basic random attractors theory. Section 3 is devoted to the
existence of the unique weak solution and define a continuous random dynamical system for system 1.1 and 1.2 in H. In
Section 4, we establish some uniform estimates of the solutions. Finally, we obtain the main result of upper- semicontinuity
of the global random attractors in the last section.

We denote by k � k and ð�; �Þ the norm and inner product in L2ðRnÞ or H ¼ ½L2ðRnÞ�3; let V ¼ ½L4ðRnÞ�3, U ¼ ½L6ðRnÞ�3,
E ¼ ½H1ðRnÞ�3; k � kL6 , k � kL4 and k � kV, k � kU denote the norm in L4ðRnÞ, L6ðRnÞ and V;U.

2. Preliminaries

In this section, we recall some basic concepts related to random attractors for random dynamical systems. We refer the
reader to [1,4–6] for more details. Let ðX; k � kXÞ be a separable Hilbert space with Borel sigma-algebra BðXÞ, and let ðX;F ;PÞ
be a probability space.

Definition 2.1. ðX;F ;P; ðhtÞt2RÞ is called a metric dynamical system, if h : R�X # X is ðBðRÞ � F ;FÞ-measurable, h0 is the
identity on X, hsþt ¼ hths for all s; t 2 R and htP ¼ P for all t 2 R.

Definition 2.2. A stochastic process fuðt;xÞgtP0;x2X is a continuous random dynamical system (RDS) over ðX;F ;P; ðhtÞt2RÞ if
u is ðB½0;1Þ � F � BðXÞ;BðXÞÞ-measurable, and for all x 2 X,

(i) The mapping uðt;xÞ : X # X; x # uðt;xÞx is continuous for every t P 0,
(ii) uð0;xÞ is the identity on X,

(iii) (cocycle property) uðsþ t;xÞ ¼ uðt; hsxÞuðs;xÞ for all s; t P 0.

Definition 2.3.

(i) A set-valued mapping x # BðxÞ � X (we may write it as BðxÞ for short) is said to be a random set if the mapping x #

distX(x, B(x)) is measurable for any x 2 X.
(ii) A random set BðxÞ is said to be bounded if there exist x0 2 X and a random variable rðxÞ > 0 such that

BðxÞ � fx 2 X : kx� x0kX 6 rðxÞ; x0 2 Xg for all x 2 X.
(iii) A random set BðxÞ is called a compact random set if BðxÞ is compact for all x 2 X.
(iv) A random bounded set BðxÞ � X is called tempered with respect to ðhtÞt2R if for a.e. x 2 X

limt!þ1e�ctsupx2Bðh�txÞkxkX ¼ 0 for all c > 0. A random variable x # rðxÞ 2 R is said to be tempered with respect to
ðhtÞt2R if for a.e. x 2 X; limt!þ1e�ctsupt2Rjrðh�txÞj ¼ 0 for all c > 0.
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