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a b s t r a c t

The paper concerns the differential subordination with the expression combined by arith-
metic and geometric means:

a½pðzÞ�d þ ð1� aÞ pðzÞ þ zp0ðzÞ
pðzÞ

� �l
� uðzÞ; ðpð0Þ ¼ uð0Þ ¼ 1; jzj < 1Þ;

where d;l and a are real numbers such that d, l 2 h1;2i, a 2 h0;1i. For d 2 h1;2i, l 2 h0;1i,
a 2 h0;1i we also study the differential subordination

a½pðzÞ�d þ ð1� aÞ½pðzÞ�l pðzÞ þ zp0ðzÞ
pðzÞ

� �1�l

� uðzÞ; ðpð0Þ ¼ uð0Þ ¼ 1; jzj < 1Þ:

Several applications of the studied subordination in the theory of analytic functions are
given.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let U ¼ fz 2 C : jzj < 1g denote the open unit disk of the complex plane, and A be the class of all analytic functions in U,
with the Taylor series expansion:

f ðzÞ ¼ zþ
X1
n¼2

anzn:

If f and g are two functions analytic in U, then f is said to be subordinate to g, written as f � g or f ðzÞ � gðzÞ, if there exists a
Schwarz function x (i.e. analytic in U, with xð0Þ ¼ 0 and jxðzÞj < 1, z 2 U) such that f ðzÞ ¼ gðxðzÞÞ. In particular, if g is uni-
valent in U, then f � g if and only if f ð0Þ ¼ gð0Þ and f ðUÞ � gðUÞ.

The arithmetic means of some functions and expressions is very frequently used in mathematics, specially in geometric
functions theory. Making use of the arithmetic means Mocanu [11] introduced the class of a-convex (0 6 a 6 1) functions as
follows

Ma ¼ f 2 A : R ð1� aÞ zf 0ðzÞ
f ðzÞ

� �
þ a 1þ zf 00ðzÞ

f 0ðzÞ

� �� �
> 0; z 2 U

� �
;
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which, in some case, proclaims the class of starlike, and in the other, convex functions. In general, the class of a-convex func-
tions determines the arithmetic bridge between starlikeness and convexity. Subsequently, several papers involving arithmetic
means were published, see for example [1,13,14].

Using the geometric means, Lewandowski et al. [9] defined the class of l-starlike functions (l 2 h0;1i) consisting of the
functions f 2 A that satisfy the inequality

R
zf 0ðzÞ
f ðzÞ

� �l

1þ zf 00ðzÞ
f 0ðzÞ

� �1�l" #
> 0 ðz 2 UÞ:

We note that the class of l-starlike functions constitutes the geometric bridge between starlikeness and convexity. Setting
pðzÞ :¼ zf 0ðzÞ=f ðzÞ, the above inequality is equivalent to

R pðzÞl pðzÞ þ zp0ðzÞ
pðzÞ

� �1�l
" #

> 0;

which was shown to imply RpðzÞ > 0, so l-starlike functions are starlike.
Following these ideas, Kanas et al. [2] investigated the subordination

pðzÞ 1þ zp0ðzÞ
pðzÞ

� �a

� hðzÞ ðpð0Þ ¼ hð0Þ ¼ 0Þ;

while Kim and Lecko [7] found the largest constant CðaÞ such that the subordination

pðzÞ 1þ zp0ðzÞ
pðzÞ

� �a

� CðaÞhðzÞ ðpð0Þ ¼ hð0ÞÞ;

implies pðzÞ � hðzÞ. For some other interesting results on differential subordination involving arithmetic or geometric means,
see also [4,3,5,6,8].

The purpose of this paper is interconnecting and unifying both attempt: arithmetic and geometric; containing known and
indicating new fields of study. Among other things this approach brings new elements of geometry connections between
functionals in geometric function theory. In order to prove our main results, we need the following lemmas:

Lemma 1.1 [10, p. 24]. Let qðzÞ ¼ 1þ q1zn þ � � � be analytic and univalent on U, injective on @U n f1g and such that q0ðfÞ – 0 for
f 2 @U n f1g. Let p be an analytic functions in U with pð0Þ ¼ 1 and pðzÞX 1. If p is not subordinate to q, then there exist the points
z0 2 U and f0 2 @U n f1g, and m P n P 1 for which

pðUjz0 jÞ � qðUjz0 jÞ; pðz0Þ ¼ qðf0Þ and z0p0ðz0Þ ¼ mf0q0ðf0Þ:

Lemma 1.2 [10, p. 26]. Let p be an analytic function in U such that pð0Þ ¼ 1, pðzÞX 1. If z0 2 U satisfies

Rpðz0Þ ¼minfRpðzÞ : jzj 6 jz0jg;

then

z0p0ðz0Þ 6 �
jpðz0Þ � 1j2

2R½1� pðz0Þ�
:

Below, we give a lemma due to Nunokawa [12], only in a slightly different but equivalent form, which is more convenient
for our next consideration.

Lemma 1.3 [12]. Let p be an analytic function in U such that pð0Þ ¼ 1, pðzÞX 1. If z0 2 U satisfies

j arg pðz0Þj ¼maxfarg pðzÞ : jzj 6 jz0jg ¼ c
p
2
; and pðz0Þ ¼ ðixÞc;

then

arg½z0p0ðz0Þ�j j ¼ ðcþ 1Þp
2

and jz0p0ðz0Þj ¼
cxc

2
xþ 1

x

� �����
����:

2. Arithmetic–geometric subordination results

In this section we study some differential subordinations that involve the arithmetic and geometric means. We use the
methods of differential subordination theory, introduced and developed by Miller and Mocanu (see [10] for comprehensive
study). In the sequel we assume that all the powers takes its principal branches.
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