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a Faculty of Physics, ‘‘Alexandru Ioan Cuza’’ University of Ias�i, 700506 Ias�i, Romania
b Faculty of Mathematics, ‘‘Alexandru Ioan Cuza’’ University of Ias�i, 700506 Ias�i, Romania
c ‘‘Octav Mayer’’ Institute of Mathematics of the Romanian Academy, 700506 Ias�i, Romania
d ‘‘Simion Stoilow’’ Institute of Mathematics of the Romanian Academy, 010702 Bucharest, Romania

a r t i c l e i n f o

Keywords:
Null stabilization
Diffusive models
Population dynamics
Principal eigenvalue
Feedback control
Numerical methods

a b s t r a c t

We investigate the large-time behavior of the solutions to some Fisher-type models with
nonlocal terms describing the dynamics of biological populations with diffusion, logistic
term and migration. Two types of logistic terms are taken into account. A necessary condi-
tion and a sufficient condition for the internal null stabilizability of the solution to a Fisher
model with nonlocal term are provided. In case of null stabilizability (with state con-
straints) a feedback stabilizing control of harvesting type is proposed. The rate of stabiliza-
tion corresponding to the feedback stabilizing control is dictated by the principal
eigenvalue to a certain linear but not selfadjoint operator. A large principal eigenvalue
leads to a fast stabilization to zero.

Another goal is to approximate this principal eigenvalue using a method suggested by
the theoretical result concerning the large time behavior of the solution to a certain Fisher
model with a special logistic term. An iterative method to improve the position (by trans-
lations) of the support of the feedback stabilizing control in order to get a larger principal
eigenvalue, and consequently a faster stabilization to zero is derived. Numerical tests illus-
trating the effectiveness of the theoretical results are given.

� 2013 Elsevier Inc. All rights reserved.

1. Setting of the problems

After the pioneering work of Fisher [18] the mathematical modeling of spatially structured populations has been carefully
analyzed, given rise to a flourishing literature on the diffusive biological models (see [14,27,28]). The local/nonlocal intra or
interspecific interactions of one or several interacting populations species were taken into account by several authors (see
e.g. [7,15,19,20]). The following Fisher-type model describes the dynamics of a single biological population species which is
free to move in an isolated habitat X:

@tyðx; tÞ � dDyðx; tÞ ¼ aðxÞyðx; tÞ � kðxÞyðx; tÞ2; x 2 X; t > 0:

Here X � RN (N 2 f2;3g) is a bounded domain, with a smooth enough boundary @X; yðx; tÞ is the population density at posi-
tion x and moment t; d > 0 is the diffusion coefficient, aðxÞ is the natural growth rate at position x, and kðxÞy2 is a logistic
term.

The logistic term describes a local intraspecific competition for resources. If a migration phenomenon occurs then the
population dynamics is described by
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@ty� dDy ¼ aðxÞy� bðxÞyþ
Z

X
lðx; x0Þbðx0Þyðx0; tÞdx0 � kðxÞy2; x 2 X; t > 0;

where bðxÞP 0 denotes the rate of population that leaves position x and migrates to other locations in X, and lðx; x0ÞP 0
represents the rate of population that leaves position x0 and migrates to position x. Since the migration does not affect
the size of the total population, the following condition holdsZ

X
lðx; x0Þdx ¼ 1 a:e: x0 2 X:

If we denote by cðxÞ ¼ aðxÞ � bðxÞ and Fðx; x0Þ ¼ lðx; x0Þbðx0Þ, and take into account that the habitat is isolated, then the pop-
ulation dynamics with diffusion, logistic term and migration may be described by the next system:

@ty ¼ dDyþ cðxÞy� kðxÞy2 þ
R

X Fðx; x0Þyðx0; tÞdx0; ðx; tÞ 2 Q ;

@myðx; tÞ ¼ 0; ðx; tÞ 2 R;

yðx;0Þ ¼ y0ðxÞ; x 2 X;

8><
>: ð1:1Þ

where Q ¼ X� ð0;þ1Þ;R ¼ @X� ð0;þ1Þ, and y0 is the initial density of the population.
R

X Fðx; x0Þyðx0; tÞdx0 is a nonlocal
term.

Since any biological population living in a habitat interact with other population species, it is of great importance to be
able to precise if the population will persist or will extinct. Sometimes it is imperative for the ecosystem to introduce a con-
trol in order to eradicate the population or to diminish it (with persistence) to a level which do not endanger other popu-
lation species in the habitat.

We investigate for the beginning the large-time behavior of the solution to (1.1) and of the solution to a model where the
logistic term has a different form (which models a nonlocal intraspecific competition for resources):

@ty ¼ dDyþ cðxÞy� k1yðx; tÞ
R

X yðx; tÞdx

þ
R

X Fðx; x0Þyðx0; tÞdx0; ðx; tÞ 2 Q

@myðx; tÞ ¼ 0; ðx; tÞ 2 R

yðx;0Þ ¼ y0ðxÞ; x 2 X:

8>>><
>>>:

ð1:1Þ0

For other studies concerning qualitative analysis of some reaction–diffusion systems with nonlocal terms we refer to
some recent papers [10,11,16,19,20], whilst for an age-dependent population dynamics with diffusion (but without nonlocal
term) we refer to [24].

Another problem to be investigated is the internal null stabilization for the following controlled model:

@ty ¼ dDyþ cðxÞy� kðxÞy2 þ
R

X Fðx; x0Þyðx0; tÞdx0 þ vxðxÞu; ðx; tÞ 2 Q

@myðx; tÞ ¼ 0; ðx; tÞ 2 R

yðx;0Þ ¼ y0ðxÞ; x 2 X;

8><
>: ð1:2Þ

where x � X is an open subset with a smooth enough boundary such that X nx is a domain, and vx is the characteristic
function of x. Here u is a control and represents a harvesting or infusion of population and acts only in x.

The question to be investigated is the following one: ‘‘is it possible to find a control u so that the solution yu of (1.2) to be
nonnegative and to tend to 0 as t ! þ1?’’

Here are the hypotheses we are going to use throughout this paper:

(H1) d; k1 are positive constants, c 2 L1ðXÞ;
(H2) F 2 L1ðX�XÞ; k; y0 2 L1ðXÞ, and

0 6 Fðx; x0Þ a:e: ðx; x0Þ 2 X�X

k0 6 kðxÞ; 0 6 y0ðxÞ a:e: x 2 X;

where k0 is a positive constant.

Definition 1.1. The population is internally null-stabilizable if for any y0 2 L1ðXÞ; y0ðxÞP 0 a.e. x 2 X there exists a control
u 2 L1locðx� ½0;þ1ÞÞ such that the solution yu to (1.2) satisfies

0 6 yuðx; tÞ a:e: x 2 X; 8t P 0 ð1:3Þ

and

lim
t!þ1

yuðtÞ ¼ 0 in L1ðXÞ: ð1:4Þ
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