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a b s t r a c t

We study the spaces c0ðKÞ; cðKÞ and c1ðKÞ of sequences that are K-strongly convergent to 
zero, K-strongly convergent and K-strongly bounded, and the related spaces v0ðKÞ and
v1ðKÞ. In particular, we give the characterizat ions of several classes of matrix transforma- 
tions between those spaces. Furthermore, we use our results to prove that the classes of 
matrix transformations from v1ðKÞ; c1ðKÞ and cðKÞ into themselves are Banach algebras. 
As an application of our results, we establish an estimate for the Hausd orff measure of non- 
compactness of matrix operators that map cðKÞ into itself, give a characterizat ion of the 
subclass of compact operators, and a sufficient condition for those operators to be 
Fredholm.

� 2013 Elsevier Inc. All rights reserved. 

1. Introduction 

Mòricz [22] introduced the set cðKÞ of K-strongly convergent sequences. This set and the sets c0ðKÞ and c1ðKÞ of se- 
quences that are K-strongly converge nt to zero and K-strongly bounded were studied in [15]. Here we also consider the sets 
v0ðKÞ and v1ðKÞwhich are closely related to c0ðKÞ and c1ðKÞ. The sets v0ðKÞ;v1ðKÞ; c0ðKÞ and c1ðKÞ are the matrix domains 
of certain triangles in the spaces w0ðKÞ and w1ðKÞ that were recently studied in [19].

Here we characterize several classes of matrix transformat ions between the spaces v0ðKÞ;v1ðKÞ; c0ðKÞ and c1ðKÞ by giv- 
ing necessary and sufficient condition s on the entries of the infinite matrices. Furthermor e, we apply our results to 
establish that the classes of matrix transformat ions from v1ðKÞ; c1ðKÞ and cðKÞ into themselves are Banach algebras, thus 
generalizing the correspondi ng results in [16]. Finally, we apply our results to establish an estimate for the Hausdorf f mea- 
sure of noncompactnes s of matrix operators that map cðKÞ into itself, and a sufficient condition for those operators to be 
Fredholm.

Characterizati ons of classes ðX;YÞ of matrix transformat ions from a sequence space X into a sequence space Y constitute a
wide, interesting and important field in both summabilit y and operator theory. These results, in particular, the so-called row 
norm conditions in the characteri zations of the classes of matrix transformation s, are needed, among other things, to estab- 
lish identities or estimates for the Hausdorf f measure of noncompac tness of the correspond ing operators. Also, these results 
are needed for the characterizati ons of the corresponding subclasses of compact matrix operators as, for instance, in 
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[1,28,18,25–27], and more recently, of general bounded linear operators between the respective sequence spaces as, for 
instance, in [4,6,12,7,2]. They are also applied in studies of the invertibility of operators and the solvability of infinite systems 
of linear equations and of linear differential equations as, for instance, in [11,13,12 and 3,23,24] , respectively .

To be able to apply methods from the theory of Banach algebras to the solution of those problems it is essential to deter- 
mine if a class of linear matrix operators of a sequence space X into itself is a Banach algebra. Although it is well-known [29]
that if X is Banach space over C, then the Banach space of bounded linear operator s on X is Banach algebra with identity I, the 
correspondi ng result for matrix operators is non trivial if X is a BK space which does not have AK, as in our cases. It is also 
worth mentioning that the characterizations of compact operators can be used to establish sufficient conditions for an oper- 
ator to be a Fredholm operator as, for instance, in [5]. We give an application of this kind in Section 5 for Fredholm operators 
from cðKÞ into itself. 

Here we give the characteri zations the classes 

ðv1ðKÞ; v1ðK0ÞÞ; ðv0ðKÞ;v1ðK0Þ; ðc1ðKÞ; c1ðK0ÞÞ; ðc0ðKÞ; c1ðK0ÞÞ and ðcðKÞ; cðKÞÞ:

We also show that the classes ðv1ðKÞ;v1ðKÞÞ; ðc1ðKÞ; c1ðKÞÞ and ðcðKÞ; cðKÞÞ are Banach algebras with respect to the cor- 
responding operator norms. 

Finally we apply our results to establish sufficient conditions for a matrix operator in the class ðcðKÞ; cðKÞÞ to be 
Fredholm.

2. Notations and known results 

Here we list the standard notations and results that are needed in this paper. 

2.1. Standard notations and basic results 

Let x denote the set of all complex sequences x ¼ ðxkÞ1k¼0, and ‘1; c; c0 and / be the sets of all bounded, converge nt, null 
and finite sequences; also let cs and ‘1 denote the sets of all convergent and absolutely convergent series. We write e and eðnÞ

ðn ¼ 0;1; . . .Þ for the sequences with ek ¼ 1 for all k, and eðnÞn ¼ 1 and eðnÞk ¼ 0 for k – n. Let x; y 2 x. Then we write 
x � y ¼ ðxkykÞ

1
k¼0; if y has no zero terms, then x=y ¼ ðxk=ykÞ

1
k¼0, in particular , 1=y ¼ e=y.

A sequence ðbnÞ in a linear metric space X is called a Schauder basis for X if, for every x 2 X, there exists a unique sequence 
ðknÞ of scalars such that x ¼

P
nknbn.

A BK space is a Banach sequence space with continuo us coordinates Pn : X ! Cðn ¼ 0;1; . . .Þ where PnðxÞ ¼ xn for all 
x ¼ ðxkÞ1k¼0 2 X. A BK space X � / is said to have AK if x ¼

P1
k¼0xkeðkÞ for each sequence x ¼ ðxkÞ1k¼0 2 X.

Let X be a subset of x, and z be a sequence . Then we write z�1 � X ¼ fx 2 x : x � z 2 Xg. The set 
Xb ¼

T
x2Xðx�1 � csÞ ¼ fa 2 x : a � x 2 cs for all x 2 Xg is called the b-dual of X. We note that we obviously have for any se- 

quence u which has no zero terms 

u�1 � X
� �b ¼ ð1=uÞ�1 � Xb: ð2:1Þ

Let A ¼ ðankÞ1n;k¼0 be an infinite matrix of complex numbers, x 2 x, and X and Y be subsets of x. We write An ¼ ðankÞ1k¼0

ðn ¼ 0;1; . . .Þ and Ak ¼ ðankÞ1n¼0 ðk ¼ 0;1; . . .Þ for the sequence s in the nth row and the kth column of A, and 
Anx ¼

P1
k¼0ankxk and Ax ¼ ðAnxÞ1n¼0 provided the series converge for all n. The set XA ¼ fx 2 x : Ax 2 Xg is called the matrix 

domain of A in X. We write ðX;YÞ for the set of all infinite matrices A that map X into Y, that is, for which XA � Y; we write 
ðXÞ ¼ ðX;XÞ, for short. We note that if u and v are sequence s which have no zero terms then we obviously have 

A 2 ðu�1 � X;v�1 � YÞ if and only if B ¼ ðbnkÞ1n;k¼0 2 ðX;YÞ where bnk ¼
vnank

uk
for n; k ¼ 0;1; . . . : ð2:2Þ

Let X and Y be Banach spaces and BX ¼ fx 2 X : kxk 6 1g be the closed unit ball in X. We write BðX;YÞ for the Banach space 
of all bounded linear operators L : X ! Y with the operator norm kLk ¼ supfkLðxÞk : x 2 BXg for all L 2 BðX;YÞ; we write 
BðXÞ ¼ BðX;XÞ, for short. As usual, X� ¼ BðXÞC denotes the continuous dual of X with the norm kfk ¼ supfjf ðxÞj : x 2 BXg
for all f 2 X�.

The following definitions and results are well known. Since they will frequent ly be applied, they are stated here for the 
reader’s convenience. 

Let a be a sequence and X be a normed sequence space. Then we write 

kak�X ¼ sup
x2BX

X1
k¼0

akxk

�����
�����

provided the expression on the righthand side exists and is finite which is the case whenever X is a BK space and a 2 Xb by
[31, Theorem 7.2.9] .
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