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ARTICLE INFO ABSTRACT

Keywords: We give sufficient conditions for the system of nonlinear functional differential equations
Nonlinear system of the form

Functional differential equation

Bounded continuously differentiable X (t+1) = AX(t) + F(t,x(t),x(vD (1)), ..., x(v® (1)), X' (g, (1)), ..., X (g (1)),

solutions

[terated deviations where A is a matrix, det A= 0, v0(t) = P (6 X(@p (- Xy (£,X(1))) - )))s j=1,k, and

functions F:R. x (RM)" - R", g :R. — Ry, j=1,1 @;: R xR"—=R,, j=1,k
i =1, m;, are continuous, for the unique existence of continuously differentiable solutions
x(t) which are bounded together with their first derivatives on R, = [0,00) and satisfy
the condition lim;_ . |x(t + 1) — Ax(t)| = 0.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Particular cases of the following system of functional differential equations

X(t+1) = AX'(t) + F(£,x(£), X(F(£,x(1))). X (&(1))). (1)

where t € R, =[0,00), A is an nxn matrix such that detA#0, F:R, xR"xR"xR" - R", f:R; xR" - R, and
g: R, — R,, have been studied, e.g.in [1,2,12,14-17,19,23,24,38,39]. System (1) belongs to the class of differential equations
partially solved with respect to the highest-order derivatives, which have been studied, for example, in [1-25,38,39].

Iteration methods in [26-30] motivated us to propose studying equations with continuous arguments, whose deviations
of an argument depend on an unknown function which depend also of the function and so on (for related ideas see also [31-
33]). We call them iterated deviations. They are introduced in [37], for the case of functional equations. For the case of non-
linear functional differential equations see [34,35], and for the case of systems of nonlinear functional difference equations
see [36].

Let, us usual, C' (R, ) denote the space of continuously differentiable functions on R,. The space BC'(R,) is defined by

BC(R,) := {x € C'(Ry) : ]l < oo},
where the norm ||x|| is defined by
[1X[l,, = max {SUPX(I)I, SUPIX'(t)}~
teR, teR,

So, the space BC'(R, ) consists of all C'(R, ) functions which are bounded together with their first derivatives on R, .
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We give some sufficient conditions for the unique existence of a BC'(R,) solution of the next system of nonlinear func-
tional differential equations

X(E+1) = AX'(6) + F(6,x(0), x(2V (1)), ... .x(0(0), X (81 (D)), ... X (&i(1)), (2)

where

V() = @j1 (6, X(@p (- X(@yy (£,X(0))) ..))), =T,k

A is a nonsingular n x n matrix, F : R, x ([Ra")"*’H —-R,g: R =Ry, j= 1,1, @i Ry x R" = Ry, j =1,k i=1,m;, are contin-
uous functions, such that
lim |x(t + 1) — Ax(t)| =0, (3)
t—-+o00
where |x| = maX;jcn|Xil.
Throughout the paper the symbol | - | denotes the modulus of a number, or a norm of a vector in R", or a norm of a matrix,
depending of the quantity appearing under the symbol.
Related results can be found, for example, in [3,8,13,15,18-20,22,38], some of which are considerably extended in this

paper.
We finish this section with the following lemma which will be used in the proof of a main result in this paper.

Lemma 1. Assume that (ay),.y and (by),.y are two sequences of nonnegative numbers, and that sequence (xn),. Satisfies the
inequality

Xn < Ay +bpXn1, NEN. (4)

Then

j-1

k-1 k-1
< g [bi + %] [bi. (5)

j=1 i=1 i=1

for every k € N.

Proof. We prove the lemma by the method of induction. For k = 1 inequality (5) trivially holds (actually, it becomes the
equality x; = x1) Assume that inequality (5) holds for some k € N. Using inequality (4) with n = k in (5), and the fact that
the number [¥'b; is nonnegative, we obtain

k-1
<2

j=1 i=

j-1 -1 j-1 k-1

k-1 k
bz + X Hb Zaj Hb1 + ak + bkxk+1) bx Za] b + X1 th (6)
1 i=1

finishing the inductive proof of the lemma. O

2. Main results

This section we begin with listing conditions which we assume in the rest of this paper.

(i) det A # 0;
(ii) the vector function F(t,x,¥,7) is continuous for t € R,, x € R", j € (R")*, Z € (R,
F(t,0,0n,0gny) =0 (7)
and
I
|F(t,x,y,2) — F(t,u, 0,w)| < () |x — u| +Z'11 W = ol + D M)z — wil, 8)
j=1 i=1
where #;(t), j = 0,k + I, are continuous and nonnegative functions for t € R,, and x,u € R", §, 7 € (RM¥, e (RN
(iii) functions g;: R, — Ry, j =1, 1,1, and Qi Ry xR" =Ry, j=1, 1,k i 1, m , are continuous and
|;i(£,%) — @t y)| < Lilx = 1, 9)

where [;, j = 1,k, i = 1,m;, are some non-negative constants, t € R, and x,y € R";
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