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a b s t r a c t

We give sufficient conditions for the system of nonlinear functional differential equations
of the form

x0ðt þ 1Þ ¼ Ax0ðtÞ þ Fðt; xðtÞ; xðv ð1ÞðtÞÞ; . . . ; xðv ðkÞðtÞÞ; x0ðg1ðtÞÞ; . . . ; x0ðglðtÞÞÞ;

where A is a matrix, det A – 0, v ðjÞðtÞ ¼ uj1ðt; xðuj2ð. . . xðujmj
ðt; xðtÞÞÞ . . .ÞÞÞ, j ¼ 1; k, and

functions F : Rþ � ðRnÞkþlþ1 ! Rn , gj : Rþ ! Rþ , j ¼ 1; l, uji : Rþ � Rn ! Rþ , j ¼ 1; k,
i ¼ 1;mj, are continuous, for the unique existence of continuously differentiable solutions
xðtÞ which are bounded together with their first derivatives on Rþ ¼ ½0;1Þ and satisfy
the condition limt!þ1jxðt þ 1Þ � AxðtÞj ¼ 0.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Particular cases of the following system of functional differential equations

x0ðt þ 1Þ ¼ Ax0ðtÞ þ Fðt; xðtÞ; xðf ðt; xðtÞÞÞ; x0ðgðtÞÞÞ; ð1Þ

where t 2 Rþ ¼ ½0;1Þ, A is an n� n matrix such that det A – 0, F : Rþ � Rn � Rn � Rn ! Rn, f : Rþ � Rn ! Rþ and
g : Rþ ! Rþ, have been studied, e.g. in [1,2,12,14–17,19,23,24,38,39]. System (1) belongs to the class of differential equations
partially solved with respect to the highest-order derivatives, which have been studied, for example, in [1–25,38,39].

Iteration methods in [26–30] motivated us to propose studying equations with continuous arguments, whose deviations
of an argument depend on an unknown function which depend also of the function and so on (for related ideas see also [31–
33]). We call them iterated deviations. They are introduced in [37], for the case of functional equations. For the case of non-
linear functional differential equations see [34,35], and for the case of systems of nonlinear functional difference equations
see [36].

Let, us usual, C1ðRþÞ denote the space of continuously differentiable functions on Rþ. The space BC1ðRþÞ is defined by

BC1ðRþÞ :¼ fx 2 C1ðRþÞ : kxk1 <1g;

where the norm kxk1 is defined by

kxk1 ¼max sup
t2Rþ
jxðtÞj; sup

t2Rþ
jx0ðtÞj

( )
:

So, the space BC1ðRþÞ consists of all C1ðRþÞ functions which are bounded together with their first derivatives on Rþ.
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We give some sufficient conditions for the unique existence of a BC1ðRþÞ solution of the next system of nonlinear func-
tional differential equations

x0ðt þ 1Þ ¼ Ax0ðtÞ þ Fðt; xðtÞ; xðv ð1ÞðtÞÞ; . . . ; xðv ðkÞðtÞÞ; x0ðg1ðtÞÞ; . . . ; x0ðglðtÞÞÞ; ð2Þ

where

v ðjÞðtÞ ¼ uj1ðt; xðuj2ð. . . xðujmj
ðt; xðtÞÞÞ . . .ÞÞÞ; j ¼ 1; k;

A is a nonsingular n� n matrix, F : Rþ � ðRnÞkþlþ1 ! Rn, gj : Rþ ! Rþ, j ¼ 1; l, uji : Rþ � Rn ! Rþ, j ¼ 1; k, i ¼ 1;mj, are contin-
uous functions, such that

lim
t!þ1

jxðt þ 1Þ � AxðtÞj ¼ 0; ð3Þ

where jxj ¼max16i6njxij.
Throughout the paper the symbol j � j denotes the modulus of a number, or a norm of a vector in Rn, or a norm of a matrix,

depending of the quantity appearing under the symbol.
Related results can be found, for example, in [3,8,13,15,18–20,22,38], some of which are considerably extended in this

paper.
We finish this section with the following lemma which will be used in the proof of a main result in this paper.

Lemma 1. Assume that ðanÞn2N and ðbnÞn2N are two sequences of nonnegative numbers, and that sequence ðxnÞn2N satisfies the
inequality

xn 6 an þ bnxnþ1; n 2 N: ð4Þ

Then

x1 6
Xk�1

j¼1

aj

Yj�1

i¼1

bi þ xk

Yk�1

i¼1

bi; ð5Þ

for every k 2 N.

Proof. We prove the lemma by the method of induction. For k ¼ 1 inequality (5) trivially holds (actually, it becomes the
equality x1 ¼ x1). Assume that inequality (5) holds for some k 2 N. Using inequality (4) with n ¼ k in (5), and the fact that
the number

Qk�1
i¼1 bi is nonnegative, we obtain

x1 6
Xk�1

j¼1

aj

Yj�1

i¼1

bi þ xk

Yk�1

i¼1

bi 6
Xk�1

j¼1

aj

Yj�1

i¼1

bi þ ðak þ bkxkþ1Þ
Yk�1

i¼1

bi ¼
Xk

j¼1

aj

Yj�1

i¼1

bi þ xkþ1

Yk

i¼1

bi; ð6Þ

finishing the inductive proof of the lemma. h

2. Main results

This section we begin with listing conditions which we assume in the rest of this paper.

(i) det A – 0;
(ii) the vector function Fðt; x;~y;~zÞ is continuous for t 2 Rþ, x 2 Rn, ~y 2 ðRnÞk,~z 2 ðRnÞl,

Fðt;0;~0ðRnÞk ;
~0ðRnÞl Þ � 0 ð7Þ

and

jFðt; x;~y;~zÞ � Fðt;u;~v; ~wÞj 6 g0ðtÞjx� uj þ
Xk

j¼1

gjðtÞjyj � v jj þ
Xl

i¼1

gkþiðtÞjzi �wij; ð8Þ

where gjðtÞ, j ¼ 0; kþ l, are continuous and nonnegative functions for t 2 Rþ, and x;u 2 Rn, ~y;~v 2 ðRnÞk,~z; ~w 2 ðRnÞl;
(iii) functions gj : Rþ ! Rþ, j ¼ 1; l, and uji : Rþ � Rn ! Rþ, j ¼ 1; k, i ¼ 1;mj, are continuous and

jujiðt; xÞ �ujiðt; yÞj 6 ljijx� yj; ð9Þ

where lji, j ¼ 1; k, i ¼ 1;mj, are some non-negative constants, t 2 Rþ, and x; y 2 Rn;
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