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ell polynomials are used on the results of the Bernoulli and Euler polynomials to obtain the
results for the corresponding mixed polynomials.
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1. Introduction and preliminaries

The class of Appell sequences [1] is an important class of polynomial sequences and appears in different applications in
pure and applied mathematics. The Appell sequences are characterized by Roman [16] in several ways. The Appell polyno-
mials [1] may be defined by either of the following equivalent conditions:

{An(x)} (n € Np) is an Appell set (A, being of degree exactly n), if either,

(i) LA, (x) =nA,_1(x) (n € Np), or
(ii) there exists an exponential generating function of the form

[o ] tn
ADE" = An(X) (1.1)
n=0 )
where A(t) has (at least the formal) expansion:
00 tﬂ
A(t) = X;Anm (Ao # 0). (1.2)
n=»
Alternatively, the sequence A,(x) [16] is Appell for g(t), if and only if
1 00 trl
¥ — A (X —, 1.3
g = 2 (13)
where
o0 tn
8= g (8 #0). (1.4)
n=0 °
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In view of Egs. (1.1) and (1.3), we have

(1.5)

Next, we recall that according to thg monomiality principle [17,5], a polynomial set {p,(x)},. is “quasi-monomial”, pro-
vided there exist two operators M and P playing, respectively, the role of multiplicative and derivative operators for the fam-
ily of polynomials. These operators satisfy the following identities, for all n € N:

M{P,(%)} = Ppyr (%) (1.6)
and
P{p,(x)} = P, (X). (1.7)
The operators M and P also satisfy the commutation relation
[P,M] = PM — MP =1 (1.8)

and thus display the Weyl group structure.
If M and P have differential realizations, then in view of monomiality principle [5] and combining Eqs. (1.6) and (1.7), we
get the following differential equation satisfied by p, (x):

MP{p,(x)} = np, (x). (1.9)
Assuming here and in the sequel p,(x) = 1, then the series definition for p,(x) can be obtained as:
pu(x) = M"{1}. (1.10)

Also, identity (1.10) implies that the exponential generating function of p,(x) can be given in the form:

n

M1} =3 P05 (1t < o). (111)
n=0 °

We note that the Appell polynomials A, (x) are quasi-monomial [17,14,5] with respect to the following multiplicative and
derivative operators:

M A (DX)

MA:X+A(DX) , (1.12a)
or, equivalently

v gDy

My :X_g((Dx) (1.12b)
and

P, =D, (1.13)
respectively.

The class of Appell sequences contains a large number of classical polynomial sequences such as the Bernoulli, Euler, Her-
mite and Laguerre polynomials etc. The Bernoulli polynomials play an important role in various expansions and approxima-
tion formulae, which are useful both in analytic theory of numbers and in classical and numerical analysis. Jacob Bernoulli
discovered the Bernoulli polynomials B, (x) to evaluate the sum 1% + 2¢ + 3% +... 4 (n — 1)* as k! o Be(x)dx. These polynomi-
als appear in various problems in the fields of engineering and physics providing their solutions. We present the generating
functions, series definitions and other properties of the Bernoulli and Euler polynomials and related numbers in Table 1.1.

Table 1.1
Results for the Bernoulli and Euler polynomials and related numbers.
S. Results Bernoulli polynomials B, (x) Bernoulli numbers B,  Euler polynomials E,(x) Euler numbers E,
No.
Lo AD: &) et o a1 55t
1I. Generating functions Lot — S Ba(x) % [15, p. 299] =B G 2e% — Y oEn(x) 5 [15, p. 300] e?f_‘l = 3" oEn & where
‘[ql;?re B = Bal0) Eq = 2"Eq(}) [15]
IlI.  Multiplicative and Mg =x— (%zelgfujﬂlv Py = Dy Mg = x *(euyi)m Pg = D,
derivative operators "
IvV.  Differential equations (xDK _ <Dx(;’1X)i“]*)-1 _ n) xBp(x) =0 (xDX _ (55;%) _ n) xEn(X) =0
V. Series definitions n n —k
But) = o Bt [15] i) = Shoo ) Bx(x- )"

[15]
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