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a b s t r a c t

This article deals with the introduction of Appell type sets of polynomials and associated 
numbers. The 2-iterated Appell polynomials are introduced and the Bernoulli and Euler 
based Appell polynomials are deduced as their particular cases. Different sets of polynomi- 
als, namely 2-iterated Bernoulli and Euler, Bernoulli–Euler (or Euler–Bernoulli) and their 
related numbers are considered. The operational relations between these families and App- 
ell polynomials are used on the results of the Bernoulli and Euler polynomials to obtain the 
results for the corresponding mixed polynomials.

� 2013 Elsevier Inc. All rights reserved.

1. Introductio n and prelimina ries 

The class of Appell sequences [1] is an important class of polynomial sequences and appears in different applications in
pure and applied mathemati cs. The Appell sequences are characterized by Roman [16] in several ways. The Appell polyno- 
mials [1] may be defined by either of the following equivalent conditions:
fAnðxÞg ðn 2 N0Þ is an Appell set (An being of degree exactly n), if either,

(i) d
dx AnðxÞ ¼ nAn�1ðxÞ ðn 2 N0Þ, or

(ii) there exists an exponential generating function of the form 

AðtÞext ¼
X1
n¼0

AnðxÞ
tn

n!
; ð1:1Þ

where AðtÞ has (at least the formal) expansion:

AðtÞ ¼
X1
n¼0

An
tn

n!
ðA0 – 0Þ: ð1:2Þ

Alternativel y, the sequence AnðxÞ [16] is Appell for gðtÞ, if and only if

1
gðtÞ e

xt ¼
X1
n¼0

AnðxÞ
tn

n!
; ð1:3Þ

where

gðtÞ ¼
X1
n¼0

gn
tn

n!
ðg0 – 0Þ: ð1:4Þ
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In view of Eqs. (1.1) and (1.3), we have 

AðtÞ ¼ 1
gðtÞ : ð1:5Þ

Next, we recall that according to the monomiality principle [17,5], a polynomi al set fpnðxÞgn2N is ‘‘quasi-mon omial’’, pro- 
vided there exist two operators M̂ and P̂ playing, respectively, the role of multiplicative and derivative operators for the fam- 
ily of polynomials. These operators satisfy the following identities , for all n 2 N:

M̂fpnðxÞg ¼ pnþ1ðxÞ ð1:6Þ

and

P̂fpnðxÞg ¼ npn�1ðxÞ: ð1:7Þ

The operators bM and bP also satisfy the commutation relation 

½P̂; M̂� ¼ P̂M̂ � M̂P̂ ¼ 1̂ ð1:8Þ

and thus display the Weyl group structure.
If bM and bP have different ial realizations, then in view of monomiality principle [5] and combining Eqs. (1.6) and (1.7), we

get the following differential equation satisfied by pnðxÞ:bMbPfpnðxÞg ¼ npnðxÞ: ð1:9Þ

Assuming here and in the sequel p0ðxÞ ¼ 1, then the series definition for pnðxÞ can be obtained as:

pnðxÞ ¼ bMnf1g: ð1:10Þ

Also, identity (1.10) implies that the exponential generating function of pnðxÞ can be given in the form:

e
bMtf1g ¼

X1
n¼0

pnðxÞ
tn

n!
ðjtj <1Þ: ð1:11Þ

We note that the Appell polynomi als AnðxÞ are quasi-mono mial [17,14,5] with respect to the following multiplicative and 
derivative operators:

bMA ¼ xþ A0ðDxÞ
AðDxÞ

; ð1:12aÞ

or, equivalently bMA ¼ x� g0ðDxÞ
gðDxÞ

ð1:12bÞ

and bPA ¼ Dx; ð1:13Þ

respectively.
The class of Appell sequences contains a large number of classical polynomial sequences such as the Bernoulli, Euler, Her- 

mite and Laguerre polynomials etc. The Bernoulli polynomials play an important role in various expansions and approxima- 
tion formulae, which are useful both in analytic theory of numbers and in classical and numerical analysis. Jacob Bernoulli 
discovered the Bernoulli polynomials BnðxÞ to evaluate the sum 1k þ 2k þ 3k þ � � � þ ðn� 1Þk as k!

R n
0 BkðxÞdx. These polynomi -

als appear in various problems in the fields of engineeri ng and physics providing their solutions. We present the generating 
functions, series definitions and other properties of the Bernoulli and Euler polynomi als and related numbers in Table 1.1 .

Table 1.1 
Results for the Bernoulli and Euler polynomials and related numbers.

S.
No.

Results Bernoulli polynomials BnðxÞ Bernoulli numbers Bn Euler polynomials EnðxÞ Euler numbers En

I. AðtÞ; gðtÞ t
et�1 ; et�1

t
2

etþ1 ; etþ1
2

II. Generating functions text

et�1 ¼
P1

n¼0BnðxÞ tn

n! [15, p. 299] t
et�1 ¼

P1
n¼0Bn

tn

n!

where Bn :¼ Bnð0Þ
[15]

2ext

etþ1 ¼
P1

n¼0EnðxÞ tn

n! [15, p. 300] 2et

e2tþ1 ¼
P1

n¼0En
tn

n! where

En :¼ 2nEn
1
2

� �
[15]

III. Multiplicative and 
derivative operators 

M̂B ¼ x� Dx�1ð ÞeDxþ1
Dx eDx�1ð Þ , P̂B ¼ Dx M̂E ¼ x� eDx

eDxþ1ð Þ, P̂E ¼ Dx

IV. Differential equations xDx � Dx�1ð ÞeDxþ1
eDx�1ð Þ � n

� �
�BnðxÞ ¼ 0 xDx � eDx Dx

eDxþ1ð Þ � n
� �

�EnðxÞ ¼ 0

V. Series definitions
BnðxÞ ¼

Pn
k¼0

n
k

� �
Bkxn�k [15] EnðxÞ ¼

Pn
k¼0

n
k

� �
Ek

2k� x� 1
2

� �n�k

[15]
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