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a b s t r a c t

A numerical method is applied to solve the pantograph equation with proportional delay 
under the mixed conditions. The method is based on the truncated First Boubaker seri es.
The solution is obtained in terms of First Boubaker polynomials. Also, illustrative examples 
are included to demonstrate the validity and applicability of the technique. The results 
obtained are compared by the known results.
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1. Introduction 

This study is concerned with a generalizati on of a functiona l different ial equation known as the pantograph equation 
(with constant and variable coefficients) which contains a linear functional argument (with retarded and advanced cases 
or with proportio nal delays). Functional different ial equations with proportional delays are usually referred to as pantograph 
equations. The name ‘‘pantograph’’ originated from the work of Ockendon and Tayler on the collection of current by the pan- 
tograph head of an electric locomotive [1,2].

In recent years, pantograp h equations have been studied by many authors, who have investigated both their analytical 
and numerical aspects [8–10]. These equations are characterized by the presence of a linear functiona l argument and play 
an important role in explaining many different phenomena. In particular, they arise in industrial applications [11] and in
studies based on biology, economy, control theory, astro-physics, nonlinear dynamic systems, cell growth and electro-dy- 
namic, among others [1,2,11,12]. In addition, properties of the analytical and numerica l solutions of pantograph equations 
have been investigated by several authors [1–5,13–17].

The basic motivatio n of this work, by consideri ng the mentioned studies, is to develop a new numerical method, which is
called as a matrix method, based on Boubaker polynomials [3–7] and collocation points for the approximat e solution of pan- 
tograph equation. The mentioned First Boubake r polynomials were firstly by Boubake r et al. (2006) as guide for solving a
one-dimensi onal formulat ion at heat transfer equation.

In this study, we will consider the pantograp h equation with variable coefficients

yðmÞðxÞ ¼
XJ

j¼0

Xm�1

k¼0

PjkðxÞyðkÞðajxþ ljÞ þ gðxÞ ð1Þ

Under the initial conditions 
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Xm�1

k¼0

cikyðkÞð0Þ ¼ ki; i ¼ 0;1; . . . ;m� 1: ð2Þ

where PjkðxÞ and gðxÞ are analytic functions; cik; ki;aj and lj are real or complex constants. The aim of this study is to get 
solution of the problem (1) and (2) as the truncated First Boubaker series defined by

yðxÞ ¼
XN

n¼0

bnBnðxÞ; 0 6 x 6 b <1 ð3Þ

where BnðxÞ, n ¼ 0;1;2; . . . denote the First Boubake r polynomi als; bn;0 6 n 6 N are unknown First Boubake r coefficients,
and N is chosen any positive integer such that N P m. Here the standard First Boubake r polynomi als are defined by

B0ðxÞ ¼ 1;B1ðxÞ ¼ x;B2ðxÞ ¼ x2 þ 2;
BmðxÞ ¼ xBm�1ðxÞ � Bm�2ðxÞ for : m > 2

(

and a monomial definition of these polynomi als was established by Labiadh et al. [7]:

BnðxÞ ¼
XnðnÞ
p¼0

ðn� 4pÞ
ðn� pÞ Cp

n�p

� �
:ð�1Þp:xn�2p ð4Þ

where nðnÞ ¼ bn2c is denotes the floor function.

2. Fundamental relations 

Let us consider the pantograph Eq. (1) and find the matrix forms of each term in the equation. First we can convert the 
solution yðxÞ defined by the truncated series (3) and its derivative yðkÞðxÞ to matrix forms 

yðxÞ ¼ BðxÞb and yðkÞðxÞ ¼ BðkÞðxÞb; k ¼ 0;1;2; . . . ð5Þ

where

BðxÞ ¼ ½B0ðxÞB1ðxÞ � � �BNðxÞ�; b ¼ ½ b0 b1 . . . bN �
T

By using the expression (4) and taking n ¼ 0;1; . . . ;N, we find the correspondi ng matrix relation as

BðxÞ ¼ XðxÞZT ð6Þ

where

XðxÞ ¼ ½1x . . . xN�

and if N is odd,

Z ¼

u0;0 0 0 0 . . . 0 0
0 u1;0 0 0 . . . 0 0
u2;1 0 u2;0 0 . . . 0 0

..

. ..
. ..

. ..
. . .

. ..
. ..

.

uN�1;N�1
2

0 uN�1;N�3
2

0 . . . uN�1;0 0

0 uN;N�1
2

0 uN;N�3
2

. . . 0 uN;0

2
66666666664

3
77777777775

if N is even,

Z ¼

u0;0 0 0 0 . . . 0 0
0 u1;0 0 0 . . . 0 0
u2;1 0 u2;0 0 . . . 0 0

..

. ..
. ..

. ..
. . .

. ..
. ..

.

0 uN�1;N�2
2

0 uN�1;N�4
2

. . . uN�1;0 0

uN;N2
0 uN;N�2

2
0 . . . 0 uN;0

2
66666666664

3
77777777775

where

BnðxÞ ¼
XnðnÞ
p¼0

un;pxn�2p; n ¼ 0;1; . . . ;N; p ¼ 0;1; . . . ;
n
2

j k
:
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