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a b s t r a c t

The structure of the range of Stockwell transforms for a signal from L2ðRÞ is obtained using 
the Vasilevski scheme. The paper completes the full picture of structural results for the four 
commonly used transforms of signal analysis: continuous wavelet transform, short-time 
Fourier transform, continuous shearlet transform and the Stockwell transform. Applica- 
tions of this new characterization are discussed in connection with time–frequency signal 
localization.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries 

It is well-known that the short-time Fourier transform cannot track the signal dynamics properly for non-stationary sig- 
nals due to the limitatio ns of fixed window width, whereas the second time–frequency analysis tool, the continuous wavelet 
transform, is sensitive to noise. Thus, Robert Stockwell et al. proposed in [18] a method which has a frequency dependent 
resolution of time–frequency domain and entirely refer to local phase information. It can be seen as a multi-scale local Fou- 
rier transform providing a multi-resol ution time–frequency data representat ion. For a signal (we identify a signal with an
element f 2 L2ðRÞ) and a window u 2 L1ðRÞ \ L2ðRÞ such that Z

R

uðxÞdx ¼ 1

the Stockwell transform Suf of f with respect to u is defined by

ðSuf Þðb; nÞ ¼ jnjffiffiffiffiffiffiffi
2p
p

Z
R

f ðxÞuðnðx� bÞÞe�ixn dx

for all b 2 R and n 2 R n f0g. Putting the Stockwell transform in perspecti ve, we note that for all f 2 L2ðRÞ; b 2 R and
n 2 R n f0g it holds 

ðSuf Þðb; nÞ ¼ hf ;ub;ni; ð1Þ

where h�; �i is the inner product on L2ðRÞ,

ub;n ¼ 1ffiffiffiffiffiffiffi
2p
p MnT�bDnu

and Mn; T�b and Dn are the modulation, translation and dilation operators given by

ðMnhÞðxÞ ¼ eixnhðxÞ;
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ðT�bhÞðxÞ ¼ hðx� bÞ;

ðDnhÞðxÞ ¼ jnjhðnxÞ

for all measurable functions h on R and all x 2 R, respectively .
A fundamenta l connectio n between the Stockwell Su and the continuous wavelet transform Ww is clear from the defini-

tion, see [18], i.e., for all f 2 L2ðRÞ holds

ðSuf Þðb; nÞ ¼
ffiffiffiffiffiffiffi
jnj
2p

r
e�ibnðWwf Þ b;

1
n

� �
; b 2 R; n 2 R n f0g;

where

wðxÞ ¼ eixuðxÞ; x 2 R:

Further details may be found in [8,19]. From this observation it is easy to obtain the following resolution of identity for 
the Stockwell transform, see [6,8]. Let 

FfggðxÞ :¼ ĝðxÞ ¼ 1ffiffiffiffiffiffiffi
2p
p

Z
R

gðxÞe�ixx dx

be the Fourier transform on L2ðRÞ (angular-frequency conventi on).

Theorem 1.1. Let u 2 L2ðRÞ be a normalized window such that Z
Rnf0g

jûðn� 1Þj2 dn
jnj ¼ 1: ð2Þ

Then for all f ; g 2 L2ðRÞ it holds hf ; gi ¼ ðSuf ; SugÞ, where ð�; �Þ is the inner product in the Hilbert space L2 R� R n f0g; db dn
jnj

� �
.

This result implies that for all f 2 L2ðRÞ the Stockwell transform Suf is an element of L2 R� R n f0g; db dn
jnj

� �
and

kSufkL2ðR�Rnf0g; db dn
jnj Þ
¼ kfkL2ðRÞ;

which means that the operator Su : L2ðRÞ ! L2 R� R n f0g; db dn
jnj

� �
given by (1) is an isometry. Also it is easy to see that the 

range

SuðL2ðRÞÞ ¼ fSuf ; f 2 L2ðRÞg

of the Stockwell transform is a closed subspace of L2 R� R n f0g; db dn
jnj

� �
. Moreover, Theorem 1.1 implies that for all 

F 2 SuðL2ðRÞÞ we have 

Fðb; nÞ ¼ ðSuf Þðb; nÞ ¼ hf ;ub;ni

¼
Z

R�Rnf0g
ðSuf Þðb0; n0ÞðSuub;nÞðb0; n0Þ db0dn0

jn0j

¼
Z

R�Rnf0g
Kðb; n; b0; n0ÞFðb0; n0Þ db0dn0

jn0j ;

where

Kðb; n; b0; n0Þ ¼ ðSuub;nÞðb0; n0Þ ¼ hub0 ;n0 ;ub;ni

for all ðb; nÞ; ðb0; n0Þ 2 R� R n f0g. This means that SuðL2ðRÞÞ is a reproducing kernel Hilbert space. Now, the integral operator 

ðPuFÞðb; nÞ ¼
Z

R�Rnf0g
Fðb0; n0ÞKðb; n; b0; n0Þ db0dn0

jn0j

is the orthogonal projection onto SuðL2ðRÞÞ.
Nowadays the Stockwell transform has gained popularity in the signal analysis communi ty because of its simplicity and 

usefulness to study applied problems, covering areas as geophysics, oceanolo gy, engineering, optics, bioinformatics or bio- 
medicine. See the recent papers [5,16,17,21] for a few diverse applications of the Stockwell transform. Some mathematical 
aspects of the transform are also of recent interests and they are under developmen t in different directions. For instance, the 
underlying group structure is described in [2], its modification in [9], and the associated localization operators are investi- 
gated in [14,15]. In this note we are intereste d in the range SuðL2ðRÞÞ of Stockwell transform. We follow the general scheme 
of Vasilevski presented in [20] which was already successfully used in the case of continuous wavelet transform [10] as well 
as short-time Fourier transform [13]. See also [1], where the author studies the structure of Gabor and super Gabor spaces, in
particular those which are generate d by vectors of Hermite functions. Applying this scheme for our particular case we char- 
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