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1. Introduction

Consider linear Fredholm Integro-Differential Equation of the form

b
)+ £(0ut) + [ ki u(e)de = g(x). (1.1)
a
u(a) = uo, (1.2)
where f(x), g(x) and k(x,y) are sufficiently smooth real valued functions. The function u(x) is unknown and a, b are con-
stants. For k(x,t) = 0, Eq. (1.1) is converted to the ordinary differential equation
u'(x) = —f(xu(x) + g(x), (1.3)

with the initial condition (1.2). Details of DTM for ordinary differential equations may be found in [2]. The Taylor series
expansion of u(x) is defined as

oy .
u(x) = Zu (a) (x—a). (1.4)

!
i=0 v

If we denote % by U,(i), then it follows from (1.4) that

ux) = > Ua(i)(x —a)" (1.5)

i=0

If this power series converges in |x —a| < R, then the derivative of this power series exists, is continuous (see [4]) and
moreover

wx) =S i+ DUg(i+1)(x—a). (1.6)
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In DTM we also use the Taylor series expansion of f(x) and g(x) so we get

0

f(x) = Fa(i)(x - a), 1.7)
i=0

209 = > Gali)(x — a' (1.8)
i=0

Substituting f(x) and g(x) from (1.7) and (1.8) in (1.1) and (1.2) we obtain a well known power series method that gives us a
recurrence relation to find U,(i) and then we obtain u(x) approximately. It is easy to show that

X) = iZFG(i — YU ()(x —a)'. (1.9)

i=0 [=0

Substituting (1.5), (1.6), (1.8) and (1.9) in (1.3) and equating coefficients of (x — a)’ we obtain the recurrence relation
(i+1DUy(i+1) ZFt—l Ga(i)
and u(a + hy) is approximated by
u(a+hy) Zua (h}

as a new initial value at a + h;, where m € N. We repeat this method by using the initial value u(a + h;) to obtain
u(a + hy + hy) in (1.3). Finally u(a + hy + - -- + h,) is obtained in a similar way.

2. Application of DTM for (1.1) and (1.2)

Now we extend this method for integral part as described in [3] and we use two-dimensional differential transform for
the kernel of integral. By smoothness assumption of k(x, t) we have

ZZKU i.j)(t —aY(x —a), 2.1
i=0 j=0
where

(i-+))

Kaif) = 20— k(x.t)

iljloxiot atea
It is also easy to show that
o oo . .
k(x =Y 3> Kali,j— DUa(D)(t — aY (x — a)'. (2.2)
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i=0 j=0 I=0

By assuming that the right hand side of (2.2) is uniformly convergent in a neighborhood of (a,a) we can interchange this
series with integral (see [4]) to obtain

/ ’ ke, Hu(t)de = iizj:lg(i, i~ DUa(D) / "t ayde(x— ay.
a =0 j=0 = a

We now truncate the series to estimate the integral as
b ) .
/ k(x, Ou(t)dt ~ ZZZKG i,j— DU (D) / (t —a)dt(x —a)". (2.3)
i=0 j=0 I=0

By substituting (1.5), (1.6), (1.8), (1.9) and (1.1) in (1.1) and equating coefficients of (x — a)’ we obtain the following linear
system fori=0,...,n—1

i .
(i+1)Ua(i+l)+ZFa(i—l) +ZZK (i,j — HU, / (t —aydt = Gy(i), (2.4)
=0 j=0 =0
where U(0) = u(a) and we have n unknown parameters (U, (i), for i = 1,...,n) with n equations. We solve this system by

accepting Y"1 oUq(i )h as an estimation of u(a + hy). After that we con51der u(a+hy) = Z,T’:()U(,(l')hi1 as the initial value of
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