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a b s t r a c t

In this paper, we prove a regularity criterion for the local strong solutions to a simplified
hydrodynamic flow modeling the compressible, nematic liquid crystal materials in a
bounded domain.
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1. Introduction

Let X # R3 be a bounded domain with smooth boundary @X, we consider the following simplified version of Ericksen-Les-
lie system modeling the hydrodynamic flow of compressible nematic liquid crystals:

@tqþ divðquÞ ¼ 0; ð1:1Þ
@tðquÞ þ div ðqu� uÞ þ rpðqÞ � lDu� ðkþ lÞrdivu ¼ �Dd � rd; ð1:2Þ
@tdþ u � rd ¼ Ddþ jrdj2d; jdj ¼ 1 in X� ð0;1Þ; ð1:3Þ
u ¼ 0; d ¼ d0ðxÞ on @X� ð0;1Þ; ð1:4Þ
ðq;u; dÞðx;0Þ ¼ ðq0;u0;d0ÞðxÞ; jd0j ¼ 1; x 2 X # R3: ð1:5Þ

Here q is the density of the fluid, u is the fluid velocity and d represents the macroscopic average of the nematic liquid crystal
orientation field, pðqÞ :¼ aqc is the pressure with positive constants a > 0 and c P 1. l and k are the shear viscosity and the
bulk viscosity coefficients of the fluid respectively, which are assumed to satisfy the following physical condition:

l > 0; 3kþ 2l P 0:

(1.1) and (1.2) is the well-known compressible Navier–Stokes system with the external force �Dd � rd. (1.3) is the well-
known heat flow of harmonic map when u ¼ 0.

Very recently, Huang et.al. [1] proved the following local-in-time well-posedness.

Proposition 1.1. Let q0 2W1;q for some q 2 ð3;6� and q0 P 0 in X;u0 2 H2; d0 2 H3 and jd0j ¼ 1 in X. If, in additions, the
following compatibility condition

�lDu0 � ðkþ lÞrdiv u0 �rpðq0Þ � Dd0 � rd0 ¼
ffiffiffiffi
q
p

0g for some g 2 L2ðXÞ ð1:6Þ

holds, then there exist T0 > 0 and a unique strong solution ðq;u; dÞ to the problem (1.1)–(1.5).
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Based on the above Proposition, Huang et. al. [2] proved the following regularity criterion
Z T

0
kDðuÞkL1 þ krdk2

L1dx <1;

to the problem (1.1)–(1.3),(1.5) with the boundary condition

u ¼ 0 ¼ @d
@m

on @X� ð0;1Þ:

or

u � m ¼ curlu� m ¼ @d
@m
¼ 0 on @X� ð0;1Þ:

Here

DðuÞ :¼ 1
2
ðruþtruÞ:

m is the unit outward normal vector to @X.
This result generalizes that in [3,4]. However, the methods in [2] can not be used here directly. When the term jrdj2d in

(1.3) is replaced by 1
4 ð1� jdj

2Þd, the problem (1.1)–(1.5) has been studied by Liu and Liu [5], they proved the following reg-
ularity criterion

Z T

0
kruk4

L2 þ krukL1dt <1:

The aim of this paper is to study the regularity criterion of local strong solutions to the problem (1.1)–(1.5). We will prove

Theorem 1.2. Let the assumptions in Proposition 1.1 hold true. If
Z T

0
kruk4

L2 þ krukL1 þ krdk2
L1dt <1; ð1:7Þ

then the solution can be extended beyond T > 0.

Remark 1.1. When the boundary condition u ¼ 0 is replaced by

u � m ¼ 0; curlu� m ¼ 0;

the same result holds true. For recent results on the nematic liquid crystal flows, we refer to [6].

2. Proof of Theorem 1.2

Since ðq;u; dÞ is the local strong solution, we only need to prove the a priori estimates.
First, by the same calculations as that in [2], it is easy to show that

kqkL1ð0;T;L1Þ 6 C; ð2:1ÞZ
qjuj2 þ jrdj2dxþ

Z T

0

Z
jruj2 þ jDdj2dxdt 6 C: ð2:2Þ

By the Gagliardo–Nirenberg inequality

kuk2
L1 6 Ckuk

4
3

L6kruk
2
3
L1 6 Ckruk

4
3

L2kruk
2
3
L1 6 CkrukL1 þ Ckruk4

L2 ;

we see that
Z T

0
kuk2

L1dt 6 C: ð2:3Þ

By the Hölder inequality

kruk2
L3 6 Ckruk

4
3

L2kruk
2
3
L1 6 CkrukL1 þ Ckruk4

L2 ;

we find that

Z T

0
kruk2

L3 dt 6 C: ð2:4Þ
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