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1. Introduction

Let Q C R? be a bounded domain with smooth boundary dQ, we consider the following simplified version of Ericksen-Les-
lie system modeling the hydrodynamic flow of compressible nematic liquid crystals:

dp + div(pu) =0, (1.1)
d(pu) +div(pu @ u) + Vp(p) — pAu — (A + p)Vdivu = —Ad - Vd, (1.2)
dd+u-Vd=Ad+|Vd]*d,|d| =1 in Q x (0, 0), (1.3)
u=0, d=dy(x)onoQ x (0,00), (1.4)
(p,u,d)(x,0) = (pg,Uo,do)(X), |do] =1, Xx€QCR>. (1.5)
Here p is the density of the fluid, u is the fluid velocity and d represents the macroscopic average of the nematic liquid crystal

orientation field, p(p) := ap?’ is the pressure with positive constants a > 0 and y > 1. u and 4 are the shear viscosity and the
bulk viscosity coefficients of the fluid respectively, which are assumed to satisfy the following physical condition:

u>0, 314+2u=0.

(1.1) and (1.2) is the well-known compressible Navier-Stokes system with the external force —Ad - Vd. (1.3) is the well-
known heat flow of harmonic map when u = 0.
Very recently, Huang et.al. [1] proved the following local-in-time well-posedness.

Proposition 1.1. Let p, € W' for some q € (3,6] and pPo =0in Qup e H?,dy € H® and |dy| = 1 in Q. If, in additions, the
following compatibility condition

—UAUg — (A + W)Vdivug — Vp(p,) — Ado - Vdo = /Pog for some g € [*(Q) (1.6)
holds, then there exist To > 0 and a unique strong solution (p,u,d) to the problem (1.1)-(1.5).

* Corresponding author.
E-mail addresses: zwy@zjnu.cn (W. Zhu), xiaochunchen1@gmail.com (X. Chen), fanjishan@njfu.com.cn (J. Fan).

0096-3003/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.amc.2012.12.058


http://dx.doi.org/10.1016/j.amc.2012.12.058
mailto:zwy@zjnu.cn
mailto:xiaochunchen1@gmail.com
mailto:fanjishan@njfu.com.cn
http://dx.doi.org/10.1016/j.amc.2012.12.058
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc

7366 W. Zhu et al./Applied Mathematics and Computation 219 (2013) 7365-7368
Based on the above Proposition, Huang et. al. [2] proved the following regularity criterion
T 2
|10l + 19ddx < .

to the problem (1.1)-(1.3),(1.5) with the boundary condition

aod
u:O:ﬁ on 9Q x (0, 00).
or
u-v:curluxv:g—i:Oon 0Q x (0,00).
Here

D(u) == % (Vu+'Vu).

v is the unit outward normal vector to 6Q.

This result generalizes that in [3,4]. However, the methods in [2] can not be used here directly. When the term |Vd|*d in
(1.3) is replaced by 1 (1 — |d|*)d, the problem (1.1)-(1.5) has been studied by Liu and Liu [5], they proved the following reg-

ularity criterion

T
/0 VUl + | Vull~ dt < .

The aim of this paper is to study the regularity criterion of local strong solutions to the problem (1.1)-(1.5). We will prove

Theorem 1.2. Let the assumptions in Proposition 1.1 hold true. If
T
Il 1l 9 < o,

then the solution can be extended beyond T > 0.

Remark 1.1. When the boundary condition u = 0 is replaced by

u-v=0, curluxv=0,

the same result holds true. For recent results on the nematic liquid crystal flows, we refer to [6].

2. Proof of Theorem 1.2

Since (p,u,d) is the local strong solution, we only need to prove the a priori estimates.
First, by the same calculations as that in [2], it is easy to show that

[Pl o 1<) < C,
/p|u\2+\Vd|2dx+/oT /|Vu\2+\Ad|2dxdt<C.
By the Gagliardo-Nirenberg inequality
Jullz. < ClullsIVulli« < CIVul, [ Vulf < CIVull~ + CVuli,

we see that

T
[ e <c.
0
By the Holder inequality
4 2
IVuls < CIVullLIIVulli- < ClIVullp + Cl[Vulis,

we find that

T
/ IVul3dt < C.
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