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a b s t r a c t

Let A be the class of all analytic functions f in the open unit disk U of the form
f ðzÞ ¼ zþ

P1
k¼2akzk. For k > 0; Rec > 0 and a < 1, two subclasses PðkÞ and S�a of A are

introduced. In this paper, we find suitable conditions on k, c and a such that for each
f 2 PðkÞ satisfying ðz=f ðzÞÞ � Fð1; c; c þ 1; zÞ – 0 for all z 2 U, the function

GðzÞ ¼ z
ðz=f ðzÞÞ � Fð1; c; c þ 1; zÞ ðz 2 UÞ

belongs to Pðk0Þ; S�a or S�ðaÞ. Here S�ðaÞ denotes the usual class of starlike of order
a ð0 6 a < 1Þ in U. We also determine necessary conditions so that f 2 PðkÞ implies that

zG0ðzÞ
GðzÞ �

1
2b

����
���� < 1

2b
; jzj < r;

where r ¼ rðk; c; bÞ will be specified.
� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Let A be the class of functions normalized by

f ðzÞ ¼ zþ
X1
k¼2

akzk; ð1:1Þ

which are analytic in the open unit disk U ¼ fz 2 C : jzj < 1g. Also, we let S ¼ ff 2 A : f is univalent in Ug. A function f 2 A
is said to be starlike if f is univalent and f ðUÞ is a starlike domain with respect to z ¼ 0. The class of all starlike functions is
denoted by S�. It is well known that f 2 A is starlike with respect to the origin if and only if f ð0Þ ¼ 0; f 0ð0Þ– 0 and

Re
zf 0ðzÞ
f ðzÞ

� �
> 0 ðz 2 UÞ:

For a < 1, we define

S�ðaÞ ¼ f 2 A : Re
zf 0ðzÞ
f ðzÞ > a; z 2 U

� �
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and

S�a ¼ f 2 A :
zf 0ðzÞ
f ðzÞ � 1
����

���� < 1� a; z 2 U

� �
:

It is evident that S�ð0Þ � S�, and S�a � S
�ðaÞ � S� for 0 6 a < 1.

For k > 0, let PðkÞ denote the class of all functions f 2 A satisfying the condition

z
f ðzÞ

� �00����
���� 6 k; z 2 U:

Also, let UðkÞ denote the class of all functions f 2 A satisfying the condition

f 0ðzÞ z
f ðzÞ

� �2

� 1

�����
����� 6 k; z 2 U:

We remark that f ðzÞ=z – 0 for z 2 U for f 2 PðkÞ or f 2 UðkÞ.
Obradović and Ponnusamy [5] proved that

Pð2kÞ � UðkÞ � S for 0 6 k 6 1:

Note that the function gðzÞ ¼ zþ z2=2 belongs to U(1) but does not belong to the class P(2). We also know that Uð1Þ(S (see
[1,8]) and so, one has UðkÞ(S for 0 6 k 6 1 which implies Pð2kÞ(S for 0 6 k 6 1. The inclusions Pð2kÞ � UðkÞ � S improve
the result of Nunokawa et al. [3] who proved that functions in P(2) are just univalent in U. Obradović, Ponnusamy et al. dis-
cussed the functions f 2 UðkÞ in [4,5,7], given some conditions such that f belongs to some function class, for example, S� or
S�ðaÞ et al. with missing coefficients. Further, the integral transform of various subclasses of S have been investigated by a
number of authors, see for example the works of Ponnusamy [10], Ponnusamy et al. [11,12] and the references therein.

Recently, Obradović and Ponnusamy [6] found the conditions on k and c 2 C with Rec P 0 – c such that for each f 2 UðkÞ
satisfying z

f ðzÞ � Fð1; c; c þ 1; zÞ – 0 for all z 2 U the transform

GðzÞ ¼ z
ðz=f ðzÞÞ � Fð1; c; c þ 1; zÞ ðz 2 UÞ

is univalent or starlike. Here ⁄ denotes the convolution (or Hadamard product) of analytic functions on U:

ðf � gÞðzÞ ¼
X1
n¼0

anbnzn ðz 2 UÞ

for

f ðzÞ ¼
X1
n¼0

anzn; gðzÞ ¼
X1
n¼0

bnzn;

and Fða; b; c; zÞ denotes the Gaussian hypergeometric function. If f ðzÞ ¼ zþ
P1

n¼2anzn 2 A, then,

zFða; b; c; zÞ � f ðzÞ :¼
X1
n¼1

ðaÞn�1ðbÞn�1

ðcÞn�1ð1Þn�1
anzn ðc – � 1;�2� 3; . . . ; z 2 UÞ;

where ðaÞn denotes the Pochhammer symbol defined by ðaÞ0 ¼ 1 and ðaÞn :¼ aðaþ 1Þ � � � ðaþ n� 1Þ for n 2 N.
The object of the present paper is to find conditions such that the function GðzÞ is in Pðk0Þ; S�a or S�ðaÞ whenever f 2 PðkÞ.
For the proof of our main results, we need the following lemma.

Lemma 1.1. Suppose that PðzÞ ¼ p2z2 þ � � � is analytic in the unit disk U; k > 0 and c 2 C with Rec P 0 – c such that

PðzÞ þ 1
c

zP0ðzÞ
����

���� < k; z 2 U: ð1:2Þ

Then

jPðzÞj < k
jcj
jc þ 2j ; z 2 U:

Proof. The proof is well-known and is an easy consequence of a result due to Hallenbeck and Ruscheweyh [2]. The same
may be obtained also as the gap series version of Eq. (16) in [9] or as an easy consequence of a differential subordination
result. h
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