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ARTICLE INFO ABSTRACT
Keywords: Let A be the class of all analytic functions f in the open unit disk U of the form
UniV_alerlt f(2) =z+ X ,akZk. For 2 >0, Rec >0 and o < 1, two subclasses P(4) and S;, of A are
Starlike introduced. In this paper, we find suitable conditions on /4, ¢ and o such that for each
Integral transform f e P(3) satisfying (z/f(2)) » F(1,¢;¢ + 1;2) # 0 for all z € U, the function
Convolution

G(z) = z (zeU)

(z/f(2)) xF(1,c;c+ 152)

belongs to P(/), S, or S*(«). Here S*(a) denotes the usual class of starlike of order

o (0 < o< 1)in U. We also determine necessary conditions so that f € P(%) implies that
Gz 1 - 1

G(z) 2B 28’

where 1 = r(2,c; ) will be specified.

|zl <1,
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1. Introduction

Let A be the class of functions normalized by
fe)=2+) a, (1.1)
k=2

which are analytic in the open unit disk U = {z € C : |z] < 1}. Also, we let S = {f € A : f is univalent in U}. A functionf € A
is said to be starlike if f is univalent and f(U) is a starlike domain with respect to z = 0. The class of all starlike functions is
denoted by S". It is well known that f € A is starlike with respect to the origin if and only if f(0) = 0,f’(0) 0 and

' (z)
Re{m} >0 (zel).

For o < 1, we define

S*(oc):{feA:Rerf;—g)>oc, ze [U}
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and

#'(2)

f@

It is evident that $*(0) =S, and S, c S"(0) c S* forO< o < 1.
For 4 > 0, let P(1) denote the class of all functions f € A satisfying the condition

([i) "
(2)
Also, let ¢(/) denote the class of all functions f € A satisfying the condition
2
z
f'(z <f—> -1
(2) @

We remark that f(z)/z # 0 for z € U for f € P(7) or f € U(4).
Obradovi¢ and Ponnusamy [5] proved that

S;:{feA:

<1-aqa ZE[U}.

<A, zel.

<4, zel.

PRicU(A)cS for 0<A<1.

Note that the function g(z) = z + z? /2 belongs to /(1) but does not belong to the class 7(2). We also know that /(1)CS (see
[1,8]) and so, one has ¢/(1)CS for 0 < 4 < 1 which implies P(22)CS for 0 < 4 < 1. The inclusions P(24) Cc U(4) C S improve
the result of Nunokawa et al. [3] who proved that functions in 7(2) are just univalent in U. Obradovi¢, Ponnusamy et al. dis-
cussed the functions f € /() in [4,5,7], given some conditions such that f belongs to some function class, for example, §* or
S* (o) et al. with missing coefficients. Further, the integral transform of various subclasses of S have been investigated by a
number of authors, see for example the works of Ponnusamy [10], Ponnusamy et al. [11,12] and the references therein.
Recently, Obradovi¢ and Ponnusamy [6] found the conditions on 4 and ¢ € C with Rec > 0 # ¢ such that for each f € U/(2)

satisfying f(zz) xF(1,c;c+ 1;z) # 0 for all z € U the transform

z
G(z) = zZ/f@)«F(1,c:c+ 1;2) (

ze U)

is univalent or starlike. Here * denotes the convolution (or Hadamard product) of analytic functions on U:

(f+8)(2) => abz" (z€U)

n=0

for

f@=> az", gl2)=> b",

n=0 n=0

and F(a, b; c;z) denotes the Gaussian hypergeometric function. If f(z) =z + Y ",~,a,2" € A, then,
ZF(a,b; ¢;2) + f(z) := Zwanzn (c# —-1,-2-3,...;ze )
n=1 (C)n—] (1 )n—l

where (a), denotes the Pochhammer symbol defined by (a), =1 and (a),:=a(a+1)---(a+n—1) forne N.
The object of the present paper is to find conditions such that the function G(z) is in P(X'), S, or S*(«) whenever f € P(4).
For the proof of our main results, we need the following lemma.

Lemma 1.1. Suppose that P(z) = p,z? + - - - is analytic in the unit disk U, 2 > 0 and ¢ € C with Rec > 0 5 ¢ such that

‘P(z)+%zP’(z) < zel. (1.2)
Then
Ic]|
P(z)| < A , zel.
IP@)l [c+ 2|

Proof. The proof is well-known and is an easy consequence of a result due to Hallenbeck and Ruscheweyh [2]. The same
may be obtained also as the gap series version of Eq. (16) in [9] or as an easy consequence of a differential subordination
result. O
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