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a b s t r a c t

In this paper, we consider implementation of discontinuous Galerkin methods for (weakly
singular) Volterra integral equations of first and second kinds with highly oscillatory Bessel
kernels, which cost the same operations independent of large values of frequencies. Preli-
minary numerical results show that the proposed method is efficient for verifying accuracy
of approximate solutions.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Many applications such as modeling radar, sonar, acoustic and electromagnetic scattering problems can be reformulated
as integral equations with highly oscillatory Bessel kernels. For example, Davies and Duncan [5] studied the numerical solu-
tion of a scalar retarded potential integral equation posed on an infinite flat surfaceZ

C

uðx0; t � jx0 � xjÞ
jx0 � xj dx0 ¼ aðx; tÞ on C� ð0; TÞ;

which can be reformulated as a Volterra integral equation (VIE) of the first kind by taking continuous Fourier transforms

2p
Z x

0
buðx; x� tÞJ0ðrtÞdt ¼ baðx; xÞ; x > 0: ð1:1Þ

Eggermont [6] studied the convergence rate of Galerkin methods for Abel-type integral equation

1
CðaÞ

Z x

0

Kðx; tÞuðtÞ
ðx� tÞa

dt ¼ f ðxÞ; 0 < x < 1; 0 6 a < 1

and showed the convergence order for u 2 Cp½0;1� and Kðx; xÞ ¼ 1

ku� UkL1ð0;1Þ 6 c inf ku� wkL1ð0;1Þ : w 2 S�1
p ðIDtÞ

n o
for an approximate solution UðxÞ from the space of discontinuous piecewise polynomials S�1

p ðIDtÞ.
Brunner et al. [4] introduced a discontinuous Galerkin (DG) method forZ x

0
Kðx� tÞuðtÞdt ¼ f ðxÞ; Kð0Þ ¼ 1; x 2 ½0;1�; ð1:2Þ
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exhibited global convergence of order p when p is odd and order pþ 1 when p is even, and considered its application to (1.1).
These DG methods in [4,6] may suffer from difficulty for computation of Eq. (1.1) containing highly oscillatory kernels

since the computation of the highly oscillatory integrals by standard quadrature methods is exceedingly difficult and the cost
steeply increases with the frequency [9,10]. Particularly, for large values of x, the length scale associated with the space
mesh for DG methods is too small, which will induce a large scale and ill-conditioned linear system [3,4,14]. Furthermore,
the DG method in [4] needs to behave stably under the assumption that x / 1=Dt. But VIE convergence analysis needs
xDt ! 0 as Dt ! 0.

This paper is to introduce implementation of DG methods to solve

kuðxÞ þ
Z x

0

Jmðxðx� tÞÞ
ðx� tÞa

uðtÞdt ¼ f ðxÞ; x 2 ½0;1�; 0 6 a < 1; x� 1; ð1:3Þ

where uðxÞ is the unknown function whose value is to be determined in the interval ½0;1�; f ðxÞ a given sufficiently smooth
function, and Jm the Bessel function of the first kind of nonnegative order m. In particular, if k ¼ 0, the Eq. (1.3) is a (weakly
singular) Volterra integral equation of first kind [2]. Numerical results in this paper show that the proposed method is effi-
cient for verifying accuracy of approximate solutions, and the more larger of x the more accuracy of the approximation.

2. Discontinuous Galerkin method for (1.3)

We restrict our attention to a uniform grid with spacing Dt ¼ 1=N for some integer N > 0. Set tn ¼ nDt for n ¼ 0 : N and
denote the set of grid points by

IDt ¼ ftn : 0 6 n 6 Ng:

Following the notation of [2,4], an approximate solution UðxÞ of (1.3) is from the space of discontinuous piecewise
polynomials

Sð�1Þ
p ðIDtÞ ¼ v 2 L2ð0;1Þ : v jIn

2 PðpÞðInÞ; n ¼ 0 : N � 1
n o

;

where PðpÞðInÞ denotes the space of all real polynomials of degree not exceeding p on the interval In ¼ ðtn; tnþ1�. It is conve-
nient to represent the approximate on each subinterval as

Uðtn þ sDtÞ ¼
Xp

k¼0

Un
ksk for s 2 ð0;1�; ðUnÞk ¼ Un

k ; k ¼ 0 : p; n ¼ 0 : N � 1:

The DG method for (1.3): Rewrite UðtÞ as

UðtÞ ¼
XN�1

n¼0

Xp

k¼0

Un
k/

n
kðtÞ; /n

kðtÞ ¼ /n
kðtn þ sDtÞ ¼ sk if s 2 ð0;1�;

0 otherwise

(
for k ¼ 0 : p and n ¼ 0 : N � 1, which, together with (1.3), gives

ð/n
j ; f Þ ¼

XN�1

‘¼0

Xp

k¼0

/n
j ;

Z t

0

Jmðxðt �wÞÞ
ðt �wÞa

/‘
kdw

� �
U‘

k þ kð/n
j ;/

‘
kÞU

‘
k

� �
for each j ¼ 0 : p, where ð�; �Þ denotes the L2-inner product on ½0;1�.

The DG method is defined similar to [4] as follows

k
Dt

C þ B0
� �

Un ¼ an �
Xn�1

k¼0

Bn�kUk; n ¼ 0 : N � 1; ð2:1Þ

where C ¼ ðcj;kÞ ¼ 1
jþkþ1 ; an

j ¼ 1
Dt

R 1
0 sjf ðtn þ sDtÞds, Bn ¼ 1

Dta ðb
n
j;kÞ, and bn

j;k for j; k ¼ 0 : p are defined by

bn
j;k ¼

R 1
0 sj

R s
0

JmðxDts0 Þ
s0a ðs� s0Þkds0ds; n ¼ 0;R 1

0 sj
R nþs

n�1þs
JmðxDts0 Þ

s0a ðnþ s� s0Þkds0ds; n > 0

(
ð2:2Þ

and the sum on the right-hand side in (2.1) is defined to be zero when n ¼ 0. For more detail, see [4].
The computation of an

j and bn
j;k: an

j can be efficiently evaluated by the Gauss–Legendre quadrature QGL
M

an
j �

1
2Dt

XM

i¼0

wi
1þ xi

2

� �j

a tn þ
1þ xi

2
Dt

� �
;

where fxjgM
j¼0 are the Gauss nodes in ½�1;1� and fwjgM

j¼0 are the corresponding weights, which can be efficiently computed by
Glaser et al. [7]. The MATLAB file could be found from CHEBFUN [13]. In this paper, we set M ¼ 100.
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