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1. Introduction

In this paper we examine the multiplicity results derived from the nontrivial nonnegative solutions of the indefinite semi-
linear elliptic system below:

—Au = f,(x) [uu+2h() [u*Pu | v inQ,

—Av=g,(x) [ 9" v+ 5hx) |u* [0/ v inQ (Evp)
u=v=0 on 90Q,
where Q is a bounded domain in RY with0 € @, o0 > 1, g > 1 satisfyinga+ =2 = 2L (N > 3), 1 < q < 2, and the param-

eters A, ;t > 0. We assume that f;(x) = Af, (x) +f_(x) and g, (x) = pg. (x) + g_(x) where the weight functions f, g and h satisfy
the following conditions:
(D1) f,g € C(Q) with [[f.||. = llg. [l =1, f. = max{+f,0} # 0 and g, = max{+g,0} # 0;
(D2) h € C(Q) with the sets
{xeQ|hx) 20n{xeQ|f(x) >0}
and
{xeQ|hx)=>0n{xeQ|gx) >0}
having positive measures;
(D3) there exists a positive number p with p >2 when N > 6, p > (N —2)/2 when 3 < N < 5 such that
h(0) = 1 = maxh(x)
xeQ

and
h(0) — h(x) = 0(| x|’) asx—z.
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Remark 1.1. Let BY(0,r) = {x € RN || x |< r}. Accordingly, by condition (D3), we may assume that there exist two positive
constants Dy and rg such that

h(x) >0 for all x € BY(xp, 1) C Q
and

h(0) — h(x) < Do | x|* for all x € BY(xo,10).
We propose to study the system (E, ) in the framework of the Sobolev space H = Hy(Q) x Hy(Q) using the standard norm

1

ol = (1 + 1907

and consider, as a weak solution of the system, a pair of functions (u, v) € H if

_ : q-2 _ q-2 7L -2 B p-2
[ vuvo,+ [Vove, - [ L tug, - [ g0 tvg, - % [ hiurtuiole, - [ 1w o e,
=0 ¥(,.0,) € H.

Subsequently, for (u, ) € H, the associated energy functional is defined by

atws0) =51 ol =3 ([ 1+ [ tom) - [ of.

The corresponding scalar version of semilinear elliptic equations with concave-convex nonlinearities, namely,

{ —Au=f(X) | u"2u+hx) |uPf?u inQ,

u=0 in 9Q. (E2)

has been widely studied with a plethora of results. For the case when the weight functions are taken to be constant, namely,
f=h=1with2 <p<2"in (E;), Ambrosetti et al. [3] demonstrated that there exists 4, > 0 such that at least two positive
solutions are admitted for 4 € (0, /o), a positive solution for 1 = /, while no positive solution exists if 2 > /. The problem was
taken up by various authors for more general cases; the readers are referred to Ambrosetti et al. [2], Chen and Wu [14], de
Figueiredo et al. [17], EL Hamidi [18], Lubyshev [24], Radulescu and Repovs [25] and Wu [29,30] for detailed results. In par-
ticular, extending the problem to consider sign-changing weight functions, the authors in [14,29,30] showed multiplicity re-
sults with respect to the parameter / via the extraction of Palais—-Smale sequences in the Nehari manifold.

For the systems of semilinear elliptic equations with concave-convex nonlinearities, various studies concerning the solu-
tions structures have also been presented (|1,4,6,8,13,16,19,23,26,28]). Among these, Adriouch and EL Hamidi [4] considered
the following system:

—Au=ju+2 utu | of in Q,

—Av=p| v v+ L uf | vy inQ,
u=v=0 on 0Q,

which has been proved to permit at least two positive solutions when the pair of parameters (4, ) belongs to a certain subset
of R?. Similar results were obtained by Hsu [21] of system (E;,) when constant weight functions f =g =h=1 were
assumed. Further studies involving sign-changing weight functions were taken up by Hsu [22] and Wu [32], where the mul-
tiplicity results were obtained for the subcritical case 2 < o+ < 2" in [32] while those for the critical case o + = 2" were
obtained in [22] for p > N, N > 3 with the constraint on one of the weight functions being positive. These results will be
improved upon in this paper when we investigate further the multiplicity of nontrivial nonnegative solutions by considering
the system given by (E,,) extending the approach that was previously developed in [29,30,32]. The results presented here
include cases for p > 2 when N > 6 and p > (N — 2)/2 when 3 < N < 5 while permitting the sign-changing property of all
weight functions.

Taking S to be the best Sobolev constant for the embedding of Hy(Q) in L**#(Q), the main result is stated in the following
theorem.

Theorem 1.1. Suppose that the weight functions f, g, h satisfy the conditions (D1)-(D3). Then there exists an explicit number
C(o, B,q,S) > 0 for which if the parameters A, i satisfy

0< )2%‘? + ,uﬁ < C(“, ﬁaqas)v

then problem (E; ;) has at least two solutions <u+ ) and ( o U ﬂ) such thatuy, > 0, v, > 0inQand u;, # 0, vy, #0.

A /;L At

Note that the existence and multiplicity of solutions concerning other combined effects of nonlinearities or weight func-
tion profiles have also been studied by other authors, we refer the readers to [5,12,14,23] and the references therein.
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