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a b s t r a c t

In this paper, we apply the collocation methods to a class of nonlinear convolution Volterra
integral equations with multiple proportional delays (NCVIEMPDs). We shall present the
existence, uniqueness and regularity properties of analytic solution for this type equation,
and then analyze the convergence and superconvergence properties of the collocation solu-
tion. The numerical results verify our theoretical analysis.
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1. Introduction

Modeling many problems of physics, economics, stochastics, and other disciplines leads to nonlinear convolution Volterra
integral equations with multiple proportional delays, where the rate of change of the process is not only determined by its
present state but also by a certain past state. These are usually difficult to solve analytically and in many cases the solutions
must be approximated. Numerical methods based on finite difference methods, Runge–Kutta methods, discontinuous Galer-
kin methods and spectral methods etc., have also been developed for various nonlinear Volterra integral equations and we
refer to [1,3,5,7–9,11,17], and references therein for details about the rich literature.

In [15], Ma and Brunner derived a posteriori error estimates for nonlinear Volterra integro-differential equations (NVIDEs)
possessing the nonstandard memory term, and studied the discontinuous Galerkin (DG) method for NVIDEs with fully discret-
ized memory terms. The assumption of nonstandard memory term in [15] is that the derivatives of nonstandard memory term
are bounded. Ma also used high order collocation methods for Black Scholes equation in economics (c.f. [16]) under the frame
of previous work. Guan et al. relaxed the assumption on nonstandard memory term to Lipschitz continuity (c.f. [11]), but the
Lipschitz function is constrained to small enough in some integral sense, which is little strict to extend. In [6,12], some Vol-
terra integral equations with nonlinear convolution are also studied, and Brunner also gives some convergence and supercon-
vergence results for Volterra functional equations with multiple proportional delays (c.f. [4]). To the best of our knowledge,
there are few works about convergence of collocation methods for nonlinear convolution Volterra integral equations with
multiple proportional delays, which means the memory is extended from nonlinear term to nonlinear convolution term.

Motivated by the work in [15,11], in this paper, we shall study the collocation method for nonlinear convolution Volterra
integral equations with multiple delay (or: lag) functions hk ¼ hkðtÞ; k ¼ 1;2; . . . ; p of the form

uðtÞ ¼ f ðtÞ þ
Xp

k¼1

Vhk
u

� �
ðtÞ; t 2 I :¼ ½0; T�; ð1Þ

where p is some positive integer. The Volterra integral operators Vhk
ðk ¼ 1;2; . . . ; pÞ : CðIÞ ! CðIÞ are defined by

Vhk
u

� �
ðtÞ :¼

Z hkðtÞ

0
Kkðt; sÞG1ðuðt � sÞÞG2ðuðsÞÞds;
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where f ;G1;G2 and Kk are given smooth functions. The delay functions hkðtÞ; k ¼ 1;2; . . . ; p are assumed to have the follow-
ing properties:

(1) hkð0Þ ¼ 0, and hk is strictly increasing on I;
(2) hkðtÞ 6 �qkt on I for some �qk 2 ð0;1Þ;
(3) hk 2 Cmk ðIÞ for some integer mk P 0.

An important special case is the linear vanishing delay or proportional delay, i.e. hkðtÞ ¼ qkt ¼ t � ð1� qkÞt :¼ t � skðtÞ
with 0 < qk < 1, which are known as the pantograph delay functions (c.f. [17]). We shall concern on the corresponding
NCVIEMPDs given by

uðtÞ ¼ f ðtÞ þ
Xp

k¼1

Vqk
u

� �
ðtÞ :¼ f ðtÞ þ LðG1ðuÞ;G2ðuÞÞðtÞ; t 2 I; ð2Þ

where L is an operator which is given by

LðG1ðuÞ;G2ðuÞÞðtÞ ¼
Xp

k¼1

Z qkt

0
Kkðt; sÞG1ðuðt � sÞÞG2ðuðsÞÞds :¼ Lu; t 2 I

and Vqk
u

� �
ðtÞ :¼

R qkt
0 Kkðt; sÞG1ðuðt � sÞÞG2ðuðsÞÞds, k ¼ 1;2; . . . ; p. Here, the nonstandard memory terms G1ðuðt � sÞÞG2ðuðsÞÞ

in each Vqk
u can be different, we assume they are uniform just for simplification in the rest of this paper.

To the best of our knowledge, there exists few work on collocation method for NCVIEMPDs of form (2). In order to gain
some insight approaches for nonlinear convolution Volterra integral equations, we present a study of piecewise polynomial
collocation solutions for (2). There are several challenges for these NCVIEMPDs: the nonlinear convolution memory term is
more tough than nonstandard memory term, and admits polynomial growth; the convergence and superconvergence proofs
of integral equation are more difficult than corresponding integro-differential equations; the situations for the multiple pro-
portional delays Vqk

u in (2) are more complex than single proportional delay.
The rest of this paper is organized as follows: In Section 2, the existence, uniqueness and regularity of the analytic solu-

tion to (2) is presented. Section 3 is devoted to construct the collocation schemes. The conditions for the uniqueness of
numerical schemes, convergence and superconvergence results of collocation scheme are shown in Section 4, and in Section
5, we give some numerical experiments to verify our theoretic results. The last section is devoted to some conclusion re-
marks and future work.

2. Existence, uniqueness and regularity of the analytic solution

In order to show the existence, uniqueness and regularity of the analytic solution, we first introduce weighted norm space
and some notations. Suppose that the space CðIÞ is endowed with exponentially weighted norm

kzkr ¼max
t2I
je�rtzðtÞj; r P 0; 8z 2 CðIÞ

and kvk1 :¼max
t2I
jvðtÞj. Then there exists positive number jðrÞ such that

jðrÞkzk1 6 kzkr 6 kzk1; z 2 CðIÞ:
We assume the operators L and Gi in (2) satisfy following assumptions throughout this paper.

Assumption A: There exist positive parameters L;M;N, l and kðrÞ such that, for i ¼ 1;2 following inequalities hold

kGiðu1Þ � Giðu2Þkr 6 Mku1 � u2kr; kGiðu1Þ � Giðu2Þk1 6 Mku1 � u2k1;

kGiðuÞk1 6 Lkukl1; kLðv1;v2Þkr 6 Nkv1krkv2kr;

kLðv1;v2Þkr 6 kðrÞminfkv1k1kv2kr; kv1krkv2k1g with lim
r!1

kðrÞ ¼ 0:

Define the linear operator T : L1ðIÞ ! L1ðIÞ by

T ðuÞðtÞ :¼ f ðtÞ þ LðG1ðuÞ;G2ðuÞÞðtÞ; t 2 I;

then the Eq. (2) can be rewritten as

u ¼ T ðuÞ: ð3Þ

By using the weighted norm technique (c.f. [13,18]), we can have following theorem about the existence and uniqueness of
(2) or (3).

Theorem 2.1. Assume that the given functions and operators in (2) satisfy

(i) f 2 CðIÞ and Kk 2 CðDqk
Þ with Dqk

¼ fðt; sÞ : 0 6 s 6 qktg; k ¼ 1;2; . . . ; p ;
(ii) L and Giði ¼ 1;2Þ under the Assumption A.
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