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a b s t r a c t

We consider the solution of the w-Sylvester equations AX ± XwBw = C, for w = T, H and
A;B;2 Cn�n, and the related linear matrix equations AXBw ± Xw = C, AXBw ± CXwDw = E and
AX ± XwAw = C. Solvability conditions and numerical methods are considered, in terms of
the (generalized and periodic) Schur and QR decompositions. We emphasize the square
cases where m = n but the rectangular cases will be considered.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

In [4], the Lyapunov-like linear matrix equation

AHX þ XHA ¼ B; A;X 2 Cm�n ðm – nÞ

with (�)w = (�)T was considered using generalized inverses. Applications occur in Hamiltonian mechanics. At the end of [4], the
more general Sylvester-like equation

AHX þ XHC ¼ B; A; C;X 2 Cm�n ðm – nÞ

was proposed without solution. The equation (with w = T) was studied, again using generalized inverses, in [11,16]. However
in [16], the necessary and sufficient conditions for solvability may be too complicated for most applications. The formula for
X for the special case, assuming m = n, BT = B and the invertibility of A ± CT, may not be numerically stable or efficient (see
Appendix B for the main result). In [11], some necessary or sufficient conditions for solvability were derived. A (seemingly
wrong) formula for X in terms of generalized inverse was also proposed (see Section 2.2 for more details on the approach
taken in [11]). Consult also [5, Lemma 5.10] and [18, Lemma 7], where solvability conditions for the w-Sylvester equations
with m = n were obtained, without considering the details of the solution process. In recent years, an extensive amount of
iterative methods based on the conjugate gradient method were studied and developed for solving the generalized T-Sylves-
ter equation

AXBþ CXT D ¼ E; A;B; C;D; E;X 2 Rn�n:

See, e.g., [15,21–23] and the references cited therein.
In this paper, the (numerical) solution of the w-Sylvester equation (with w = T, H; the latter indicating the complex con-

jugate transpose), as well as some related equations, will be studied. Our tools include the (generalized and periodic) Schur,
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singular value and QR decompositions [13]. We are mainly interested in the square cases when m = n. Other relative work
can be found in [1,19,20].

Our interest in the w-Sylvester equation originates from the solution of the w-Riccati equation

XAXH þ XBþ CXH þ D ¼ 0

from an application related to the palindromic eigenvalue problem [5–7,18] (where eigenvalues appears in reciprocal pairs k
and k�w). The solution of the w-Riccati equation is difficult and the application of Newton’s method is an obvious possibility.
The solution of the w-Sylvester equation is required in the Newton iterative process. Interestingly, the w-Sylvester and w-
Lyapunov equations behave very differently from the ordinary Sylvester and Lyapunov equations. For example, from Theo-
rem 2.1 below, the w-Sylvester equation is uniquely solvable only if the generalized spectrum r(A, B) (the set of ordered
pairs {(ai, bi)} representing the eigenvalues of the matrix pencil A � kB or matrix pair (A, B) by ki = ai/bi) does not contain k
and k�w simultaneously, some sort of apalindromic1 requirement. For more details of this application, see Appendix A.

The paper is organized as follows. After this introduction, Section 2 considers the w-Sylvester equation, in terms of its
solvability, the proposed algorithms and the associated error analysis. Section 3 contains several small illustrative examples.
Section 4 considers some generalizations of the w-Sylvester equation—AXBw ± Xw = C, AXBw ± CXwDw = E and the w-Lyapunov
equation AX ± XwAw = C. (Similar equations like AX ± BXw = C can be treated similarly and will not be pursued here.) We con-
clude in Section 5 before describing two applications (in addition to those in [5,6,18]) and a solution formula in terms of
generalized inverse from [16] in the Appendices.

2. w-Sylvester equation

Consider the w-Sylvester equation

AX � XHBH ¼ C; A;B;X 2 Cn�n: ð2:1Þ

This includes the special cases of the T-Sylvester equation when w = T and the H-Sylvester equation when w = H. Justified by
associated applications and for efficient exposition, we shall consider w = H, T simultaneously, as far as possible.

Remark 2.1. Although it is seemingly simpler to consider only the ‘‘+’’ case in (2.1) and replace B by it negative for the ‘‘�’’
case, this will not be applicable for w-Lyapunov equations. Also, note that some solvability conditions are dependent on the
sign while others are not, thus our results will be more revealing with ± in (2.1). While all these features make our results
more general, the (small) price to pay will be the occasional confusing symbols to unfamiliar eyes. If necessary, please
concentrate on one of the four cases, e.g. the w = T and ‘‘�’’ case, which interests you most.

With the Kronecker product and w = T, (2.1) can be written as

PvecðXÞ ¼ vecðCÞ;P � I � A� ðB� IÞE; ð2:2Þ

where vecX stacks the columns of X into a column vector and E is the permutation matrix which maps vec (X) into vec (XT)
[2]; i.e., E ¼

P
16i;j6nejeT

i � eieT
j , where ei denotes the i-th column of the n � n identity matrix In. The matrix operator on the

left-hand-side of (2.2) is n2 � n2 and the application of Gaussian elimination and the like will be inefficient. In addition, the
approach ignores the structure of the original problem, introducing errors to the solution process unnecessarily.

For the w = H case, (2.1) can be rewritten as an expanded T-Sylvester equation:

AX � XTBT ¼ C; A;B;X 2 R2n�2n;

where

A �
Ar Ai

�Ai Ar

� �
; B �

Br Bi

�Bi Br

� �
; C �

Cr Ci

�Ci Cr

� �
; X �

Xr Xi

�Xi Xr

� �
;

with the original matrices written in their real and imaginary parts:

A ¼ Ar þ iAi; B ¼ Br þ iBi; C ¼ Cr þ iCi; X ¼ Xr þ iXi:

The Kronecker product formulation for T-Sylvester equations can then be applied. Such a formulation will be less efficient for
the numerical solution of (2.1), but may be useful as a theoretical tool.

A more efficient approach will be to transform (2.1) by some unitary P and Q, so that (2.1) becomes:

PAQ � Q T XPT � PXT Q � QT BT PT ¼ PCPT ð2:3Þ

or, for w = H:

PAQ � Q HXPH � PXHQ � Q HBHPH ¼ PCPH: ð2:4Þ

1 Not being palindromic, with ‘‘anti-palindromic’’ already describes something different.
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