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1. Introduction

There are many researches on integral equations of Hammerstein type, which can be used to study differential equations
with a variety of boundary conditions arising in the applied fields (see [1-3] and their references). The theory of semi-pos-
itone integral equations has been emerging as an important area of investigations in recent years (see [4-6]).

In this paper, we consider the semi-positone integral equation of Hammerstein type

) = [ Koy . uty)dy. (1)

where G is a compact set in R" of positive measure. We will work in the space C(G) of continuous functions endowed with the
usual supremum norm. Under reasonable semi-positone conditions, we obtain the existence of the positive solutions for the
Eq. (1.1). We prove that Green'’s functions of many boundary value problems for differential equations satisfy the conditions
of the integral kernel k(x,y). Finally, we give a specific example.

Let R* = [0, +o0). By the semi-positone case of (1.1), we mean that f(x, 1) may change sign and there exists a nonnegative
function q(x) such that f(x,u) + q(x) > 0, for a.e. (x,u) € G x R". A function w(x) is called a positive solution of the problem
(1.1) if w(x) is a solution of (3.1) and w(x) > 0, w(x) # 0 on G.

In [5,6], the nonlinearity is q(t)m(t,u) with m(t,u) > —n, thus, q(t)m(t,u) > —nq(t). The nonlinearity f(t,u) satisfies
f(x,u) > —q(x) in this paper. It is unnecessary that the nonlinearity is a product of two functions. Our integral equations
are discussed in a compact set of R", which are more general than those in an interval of R! in [5,6]. The conditions we
use here differ from those in the majority of papers that we know and the methods of proof are different from those in
[5,6] in essence.

For the sake of convenience, we formulate some conditions.

(H1) The kernel k : G x G — R" is measurable, and for every T € G we have

Lirrrl|l<(x,y) —k(t,y)]=0, forae yeG.
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(H2) There exist a continuous function a : G — R*, a measurable function b : G — R* and a positive number c¢ such that
ca(x)b(y) <k(x,y) <a(x), k(x.y)<by), vxyeG.

(H3) The non-linearity f(x,u) : G x R* — R! satisfies Caratheodory conditions; that is, f(-,u) is measurable for each fixed
u > 0and f(x,-) is continuous for a.e. x € G; and there exist functions p(x),q(x) € L(G,R"), h € C(G x R*,R") such that

0 <f(x,u) +q(x) <p(x)h(x,u) V(x,u)eGxR"
(H4) There exists a compact subset Go C G with measure (Go) > 0 such that
ax) >0 VxeGy, kx,y) >0, Vxy) €Gyx GCo,

lim f(x,u)%(x) = 400, uniformly on Gy.

U—+00

(H5) There exists ry > 0 such that

To
/q x)dx < cry, /b dx<5up{h(x7u)|X€G,0<ugro}.

We have the following theorem.

Theorem 1.1. Suppose that the conditions (H1)-(H5) are satisfied, Then the Eq. (1.1) has a positive solution w(x), and there exist
constants My > my > 0 such that

mya(x) < wkx) < Mia(x), xeG. (1.2)
In order to prove the main results, we need the following lemma which is obtained in [7].

Lemma 1.1. Let E be a real Banach space, 0 denote the zero element of E. Q be a bounded open subset of E, with 0 € Q and
A:QNQ — Q is a completely continuous operator, where Q is a cone in E.

(i) Suppose that Au pu, Yu € 90N Q, p > 1, then the fixed point index i(A,QNQ,Q) = 1.
(ii) Suppose that Auu (that is u-Au # € Q), Yu € 0QNnQ, then i(A,QNQ,Q) =

The theory of cones and fixed point theorems for mappings in ordered Banach spaces can be seen in [7,8].

2. Proof of Theorem 1.1

Let E = C(G), | - || denote the sup norm of the Banach space E,
Q={ucE||u||<r}, P={ucE|ux) = 0,xecG},

Pi={uecE|ux) = c|ullakx), x € G}, (2.1)

where a(x) and c are as in (H2). Clearly, P, is a cone in E, (E,P;) is an ordered Banach spaces.
We write

¢(r) =sup{h(x,u)| x€ G, 0<u<r}, [ux)]" =max{u(x), 0},

= /G k(x,y)ay)dy, xeG (2.2)
and define the operator A by
X) = /(;1<(X7y)(f(y7 [u(y) —uo(y)]") +q(y))dy, Vu(x) € P. (23)
From (H2) and (H5) it is known that uy(x) makes sense, ug(x) € P and
clluflatx) ux)
/q (y)dy = . /Gq(y)dy < ol /Gq(y)dy, Vu e Py \ {0} (2.4)

Since [u(x) — up(x)]" < u(x) < ||u| for any u(x) € P, it follows from (H3) that
Fx, [u(x) = uo(¥)]") +q(x) < px) h(x, [u(x) —uo(x)]") < pX)([ull), Vx€G. (25)



Download English Version:

https://daneshyari.com/en/article/4629757

Download Persian Version:

https://daneshyari.com/article/4629757

Daneshyari.com


https://daneshyari.com/en/article/4629757
https://daneshyari.com/article/4629757
https://daneshyari.com/

