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a b s t r a c t

Existence of solutions for semi-positone integral equations of Hammerstein type is
obtained by using the fixed point index method. Many boundary value problems of differ-
ential equations can be transformed into these integral equations. A specific example is
given.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

There are many researches on integral equations of Hammerstein type, which can be used to study differential equations
with a variety of boundary conditions arising in the applied fields (see [1–3] and their references). The theory of semi-pos-
itone integral equations has been emerging as an important area of investigations in recent years (see [4–6]).

In this paper, we consider the semi-positone integral equation of Hammerstein type

uðxÞ ¼
Z

G
kðx; yÞf ðy;uðyÞÞdy; ð1:1Þ

where G is a compact set in Rn of positive measure. We will work in the space CðGÞ of continuous functions endowed with the
usual supremum norm. Under reasonable semi-positone conditions, we obtain the existence of the positive solutions for the
Eq. (1.1). We prove that Green’s functions of many boundary value problems for differential equations satisfy the conditions
of the integral kernel kðx; yÞ. Finally, we give a specific example.

Let Rþ ¼ ½0;þ1Þ. By the semi-positone case of (1.1), we mean that f ðx;uÞmay change sign and there exists a nonnegative
function qðxÞ such that f ðx;uÞ þ qðxÞP 0; for a:e: ðx;uÞ 2 G� Rþ. A function wðxÞ is called a positive solution of the problem
(1.1) if wðxÞ is a solution of (3.1) and wðxÞP 0; wðxÞX 0 on G.

In [5,6], the nonlinearity is qðtÞmðt;uÞ with mðt;uÞP �g, thus, qðtÞmðt;uÞP �gqðtÞ. The nonlinearity f ðt;uÞ satisfies
f ðx;uÞP �qðxÞ in this paper. It is unnecessary that the nonlinearity is a product of two functions. Our integral equations
are discussed in a compact set of Rn, which are more general than those in an interval of R1 in [5,6]. The conditions we
use here differ from those in the majority of papers that we know and the methods of proof are different from those in
[5,6] in essence.

For the sake of convenience, we formulate some conditions.

(H1) The kernel k : G� G! Rþ is measurable, and for every s 2 G we have

lim
x!s
jkðx; yÞ � kðs; yÞj ¼ 0; for a:e: y 2 G:
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(H2) There exist a continuous function a : G! Rþ, a measurable function b : G! Rþ and a positive number c such that

c aðxÞbðyÞ 6 kðx; yÞ 6 aðxÞ; kðx; yÞ 6 bðyÞ; 8x; y 2 G:

(H3) The non-linearity f ðx;uÞ : G� Rþ ! R1 satisfies Caratheodory conditions; that is, f ð�;uÞ is measurable for each fixed
u P 0 and f ðx; �Þ is continuous for a.e. x 2 G; and there exist functions pðxÞ; qðxÞ 2 LðG;RþÞ; h 2 CðG� Rþ;RþÞ such that

0 6 f ðx;uÞ þ qðxÞ 6 pðxÞhðx; uÞ 8ðx; uÞ 2 G� Rþ:

(H4) There exists a compact subset G0 � G with measure ðG0Þ > 0 such that

aðxÞ > 0 8x 2 G0; kðx; yÞ > 0; 8ðx; yÞ 2 G0 � G0;

lim
u!þ1

f ðx;uÞ þ qðxÞ
u

¼ þ1; uniformly on G0:

(H5) There exists r0 > 0 such thatZ
G

qðxÞdx < c r0;

Z
G

bðxÞpðxÞdx <
r0

supfhðx; uÞjx 2 G; 0 6 u 6 r0g
:

We have the following theorem.

Theorem 1.1. Suppose that the conditions (H1)–(H5) are satisfied, Then the Eq. (1.1) has a positive solution wðxÞ, and there exist
constants M1 > m1 > 0 such that

m1 aðxÞ 6 wðxÞ 6 M1 aðxÞ; x 2 G: ð1:2Þ
In order to prove the main results, we need the following lemma which is obtained in [7].

Lemma 1.1. Let E be a real Banach space, h denote the zero element of E. X be a bounded open subset of E, with h 2 X and
A : X \ Q ! Q is a completely continuous operator, where Q is a cone in E.

(i) Suppose that Au lu; 8u 2 @X \ Q ; l P 1, then the fixed point index iðA;X \ Q ;QÞ ¼ 1.
(ii) Suppose that Auiu ðthat is u-Au – 2 QÞ; 8u 2 @X \ Q, then iðA;X \ Q ;QÞ ¼ 0.

The theory of cones and fixed point theorems for mappings in ordered Banach spaces can be seen in [7,8].

2. Proof of Theorem 1.1

Let E ¼ CðGÞ; k � k denote the sup norm of the Banach space E,

Xr ¼ fu 2 E j kuk < rg; P ¼ fu 2 E j uðxÞP 0; x 2 Gg;

P1 ¼ fu 2 E j uðxÞP ckukaðxÞ; x 2 Gg; ð2:1Þ

where aðxÞ and c are as in (H2). Clearly, P1 is a cone in E; ðE; P1Þ is an ordered Banach spaces.
We write

/ðrÞ ¼ supfhðx;uÞj x 2 G; 0 6 u 6 rg; ½uðxÞ�þ ¼maxfuðxÞ; 0g;

u0ðxÞ ¼
Z

G
kðx; yÞqðyÞdy; x 2 G ð2:2Þ

and define the operator A by

AuðxÞ ¼
Z

G
kðx; yÞ f ðy; ½uðyÞ � u0ðyÞ�þÞ þ qðyÞ

� �
dy; 8uðxÞ 2 P: ð2:3Þ

From (H2) and (H5) it is known that u0ðxÞ makes sense, u0ðxÞ 2 P and

u0ðxÞ 6 aðxÞ
Z

G
qðyÞdy ¼ ckukaðxÞ

ckuk

Z
G

qðyÞdy 6
uðxÞ
ckuk

Z
G

qðyÞdy; 8u 2 P1 n fhg: ð2:4Þ

Since ½uðxÞ � u0ðxÞ�þ 6 uðxÞ 6 kuk for any uðxÞ 2 P, it follows from (H3) that

f ðx; ½uðxÞ � u0ðxÞ�þÞ þ qðxÞ 6 pðxÞhðx; ½uðxÞ � u0ðxÞ�þÞ 6 pðxÞ/ðkukÞ; 8x 2 G: ð2:5Þ
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