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a b s t r a c t

We study a number of possible extensions of the Ramanujan master theorem, which is for-
mulated here by using methods of Umbral nature. We discuss the implications of the pro-
cedure for the theory of special functions, like the derivation of formulae concerning the
integrals of products of families of Bessel functions and the successive derivatives of Bessel
type functions. We stress also that the procedure we propose allows a unified treatment of
many problems appearing in applications, which can formally be reduced to the evaluation
of exponential- or Gaussian-like integrals.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

The Ramanujan master theorem (RMT) [1–3] states that if the function f ðxÞ is defined through the series expansion

f ðxÞ ¼
X1
r¼0

ð�xÞr

r!
uðrÞ ð1Þ

with uð0Þ– 0 then the following identity holdsZ 1

0
xm�1f ðxÞdx ¼ CðmÞuð�mÞ: ð2Þ

A proof, albeit not rigorous, of the theorem can be achieved by the use of the Umbral methods [4], namely by setting [3,5]

f ðxÞ ¼
X1
r¼0

�xð Þr

r!
ĉruð0Þ; ð3Þ

with the operator ĉ defined by:

ĉruð0Þ ¼ uðrÞ: ð4Þ

In this way the function f ðxÞ can be formally written as an pseudo-exponential function, f ðxÞ ¼ e�ĉxuð0Þ, and thus the integral
in Eq. (2) can be given in the form
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Z 1

0
xm�1e�ĉxdxuð0Þ ¼ CðmÞĉ�muð0Þ; ð5Þ

and using Eq. (4) we end up with the result quoted in Eq. (2). For further comments see the concluding Section and for a
rigorous proof Refs. [1,2].

An immediate consequence of the theorem is the evaluation of the following integral

Im;a ¼
Z 1

0
xm�1CaðxÞdx; ð6Þ

where

CaðxÞ ¼
X1
r¼0

ð�xÞr

r!Cðr þ aþ 1Þ ð7Þ

is the Tricomi–Bessel function of order a [6] which satisfies the conditions of the RMT, with uð0Þ ¼ 1=Cðaþ 1Þ. According to
Eq. (2), we get

Im;a ¼
CðmÞ

Cða� mþ 1Þ : ð8Þ

The procedure we have just quoted, which traces back to Crofton [3] and to other operationalists, is by no means a proof of
the theorem but just a guiding tool, which will be proved to be very useful for the forthcoming speculations.

As the function CaðxÞ is linked to the ordinary Bessel functions by the identity

CaðxÞ ¼ ð2xÞ�a=2Jað2
ffiffiffi
x
p
Þ; ð9Þ

the use of the RMT may be of noticeable interest for the evaluation of various integrals appearing in applications.
As noted in Ref. [5] the Umbral formalism may be useful to make some progress towards an extension of the RMT

theorem. We observe indeed that if

gmðxÞ ¼ e�ĉxmuð0Þ ¼
X1
r¼0

ð�xmÞr

r!
uðrÞ; ð10Þ

by applying the same procedure as in Eqs. (5), we haveZ 1

0
dxxm�kgmðxÞ ¼

1
m

C
mþ 1� k

m

� �
u � mþ 1� k

m

� �
: ð11Þ

Just as an application of this result, we note that integrals of the type

G0ðbÞ ¼
Z þ1

�1
ebxg2ðxÞdx; ð12Þ

can be written as pseudo-Gaussian integral of the form

G0ðbÞ ¼
Z 1

�1
ebxe�ĉx2

dxuð0Þ ¼
ffiffiffiffi
p
ĉ

r
eb2=ð4ĉÞuð0Þ ¼

ffiffiffiffi
p
p X1

r¼0

b2r

4rr!
ĉ�r�1=2uð0Þ ¼

ffiffiffiffi
p
p X1

r¼0

b2r

4rr!
uð�r � 1=2Þ: ð13Þ

In the case of uðrÞ ¼ 1=r!, Eq. (13) becomes

G0ðbÞ ¼
Z 1

�1
ebxJ0ð2xÞdx ¼

ffiffiffiffi
p
p X1

r¼0

b2r

4rr!

1
Cð�r þ 1=2Þ ¼

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ b2

p : ð14Þ

Further examples will be discussed later in this paper, which is devoted to understand a variety of consequence emerging
from RMT and from its Umbral revisitation.

In Section 2 we will explore its relevance in the field of special functions, while in Section 3 we will discuss some con-
cluding remarks.

2. The RMT and special functions

Let us consider the integral (2) in which the function f ðxÞ is given by

f ðxÞ ¼ e�ax�bx2
: ð15Þ

This function satisfies the RMT conditions, since it can be expanded as follows

f ðxÞ ¼
X1
n¼0

ð�xÞn

n!
Hnða;�bÞ; ð16Þ
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