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a b s t r a c t

An improved delay- and range-dependent robust stability and H1 performance analysis
criterion for systems with an interval time-varying delay is investigated. A novel Lyapu-
nov–Krasovskii functional containing triple-integral terms is established, and an extended
free-weighting matrix method, double-integral inequality method is subsequently pro-
posed. Numerical examples validate the effectiveness of the proposed double-integral
inequality method and show that our approach is less conservative than existing methods.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Time-delay phenomena are ubiquitous in practical engineering systems such as biological systems, network systems,
chemical engineering systems, and mechanical systems. Such time delays are often the cause of severe performance degra-
dation or even system instabilities [1,2]. Thus, neglecting them may lead to design imperfections and incorrect analysis re-
sults. Hence, over the last two decades, a great deal of effort has been made to investigate the stability criteria for systems
with time delays. The existing stability criteria can be classified into two categories: delay-independent and delay-depen-
dent. It is well known that the latter criterion is generally less conservative than the former, especially for small delays. Thus,
recent research has focused on deriving delay-dependent criteria for the stability analysis of time-delay systems.

Attempts at deriving delay-dependent criteria include the use of the integral-inequality method to bound the cross terms
in the derivative of the Lyapunov–Krasovskii functional [3]. The integral-inequality method in [3] was subsequently, applied
to the stabilization problem associated with uncertain time-delay systems [4]. Furthermore, a descriptor system approach
that involved the integral-inequality method was introduced [5,6]. Recently, with the aim of guaranteeing the asymptotic
stability of time-delay systems, free-weighting matrix methods were proposed to reduce the conservatism caused by the
use of system transformations and bounding techniques and to enlarge the resultant feasible region for each criterion
[7,8]. Even more recently, in order to utilize all the information available, the free-weighting matrix method was extended
to the case of a new Lyapunov–Krasovskii functional that contains not only a time-varying delayed state, xðt � dðtÞÞ, but also
a delay-upper-bounded state, xðt � �dÞ, for 0 6 dðtÞ 6 �d [9]. In the present study, we focus on the less-conservative estimation
of the upper bound of the derivative of the Lyapunov–Krasovskii functional with triple-integral terms,
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which was recently introduced in [10–21]. However, few results using free-weighting matrix methods for the Lyapunov–
Krasovskii functional containing triple-integral terms have been reported; therefore, our development of a triple-integral
formulism represents a novel approach to solving the problem of interval time-varying delay.
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Motivated by the concerns given above, we introduce herein an extended free-weighting matrix method, double-integral
inequality method, for a Lyapunov–Krasovskii functional containing triple-integral terms. Recently, the interval time-varying
delay in dynamic systems has received considerable attention in both theoretical and practical studies performed on such
systems [22–27]. This time delay, which varies in a fixed interval of time and has a nonzero lower bound, is often observed
in networked control systems (NCSs) with a finite but uncertain signal propagation speed. Thus, we derive an improved de-
lay- and range-dependent robust stability and H1 performance analysis criterion for systems with an interval time-varying
delay. This criterion is based on the double-integral inequality method and involves the Lyapunov–Krasovskii functional
with triple-integral terms. In the derivation, the convex combination approach reported in [9] is adopted for the non-con-
servative representation of several time-varying terms that result from the derivation of the robust stability and H1 perfor-
mance analysis criterion.

The rest of this paper is organized as follows. Section 2 considers the stability, robust stability, and H1 performance anal-
ysis criteria for systems with a time-varying delay. Section 3 illustrates some simple example applications to verify these
criteria. Finally, Section 4 presents some concluding remarks on the approach that has been developed and tested in this
study.

Notation. Lebesgue space L2þ ¼ L2½0;1Þ consists of square-integrable functions on ½0;1Þ. Notations X P Y and X > Y
correspond to X � Y being positive semi-definite and positive definite, respectively. In symmetric block matrices, ð�Þ is used
as an ellipsis for terms that are induced by symmetry. In addition, for any matrix M, SymfMg denotes M þMT .

2. Main results

Let us consider the following delayed system:

_xðtÞ ¼ AxðtÞ þ Adxðt � dðtÞÞ þ BwðtÞ þ GpðtÞ;
qðtÞ ¼ ExðtÞ þ Edxðt � dðtÞÞ;
zðtÞ ¼ CxðtÞ þ Cdxðt � dðtÞÞ þ DwðtÞ; ð1Þ

where xðtÞ 2 Rnx and xðt � dðtÞÞ 2 Rnx denote the state and the delayed state, respectively, and wðtÞ 2 Rnw denotes the dis-
turbance input such that wðtÞ 2 L2þ. Here, the state delay dðtÞ is assumed to be an interval time-varying type of integer:
d1 6 dðtÞ 6 d2, where d1 and d2 are known positive integers and dðtÞ is not differentiable. Here, pðtÞ ¼ DðtÞqðtÞ and the
time-varying nonlinear function DðtÞ satisfies DTðtÞDðtÞ 6 q�2I, where DðtÞ 2 Rnp�nq . Our aim is to establish a novel delay-
and range-dependent robust stability and H1 performance analysis criterion for the system in (1). For this purpose, let us
choose a Lyapunov–Krasovskii functional having the following form:

VðtÞ , V1ðtÞ þ V2ðtÞ þ V3ðtÞ þ V4ðtÞ þ V5ðtÞ; ð2Þ

V1ðtÞ ¼ xTðtÞPxðtÞ;
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where P, Q 1, Q 2, R1, R2, S1, S2, T1, and T2 are positive definite matrices. Further, for later convenience, let us define the
augmented state fðtÞ as fðtÞ , xTðtÞ xTðt � d1Þ xTðt � dðtÞÞ xTðt � d2Þ _xTðtÞ wTðtÞ pTðtÞ

� �T 2 Rnf , nf ¼ 5nx þ nw þ np,
and then establish block entry matrices ei (i ¼ 1;2; . . . ;7) as, ej 2 Rnf�nx (j ¼ 1;2; . . . ;5), e6 2 Rnf�nw , and e7 2 Rnf�np ,

e1 ¼ I 0 0 0 0 0 0½ �T ; e2 ¼ 0 I 0 0 0 0 0½ �T ;
e3 ¼ 0 0 I 0 0 0 0½ �T ; e4 ¼ 0 0 0 I 0 0 0½ �T ;
e5 ¼ 0 0 0 0 I 0 0½ �T ; e6 ¼ 0 0 0 0 0 I 0½ �T ;
e7 ¼ 0 0 0 0 0 0 I½ �T ;

such that xðtÞ ¼ eT
1fðtÞ, xðt � d1Þ ¼ eT

2fðtÞ, xðt � dðtÞÞ ¼ eT
3fðtÞ, xðt � d2Þ ¼ eT

4fðtÞ, _xðtÞ ¼ eT
5fðtÞ, wðtÞ ¼ eT

6fðtÞ, and pðtÞ ¼ eT
7fðtÞ.

The following lemma, which is based on the integral inequality method reported in [9], introduces a double-integral
inequality method, which plays an important role in the derivation of our main results.
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