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a b s t r a c t

Some conditions which guarantee the local existence of Lipschitz-continuous solutions of
some systems of nonlinear functional equations with complicated deviations dependent of
unknown functions are presented.
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1. Introduction

Studying nonlinear discrete difference equations or systems attracted considerable attention recently, see, e.g.,
[4–6,8,9,13,15–17,26–36,38] and the related references therein, while nonlinear difference equations with continuous
argument nowadays are not of such interest. On the other hand, constant interest exists in studying nonlinear functional
equations with continuous argument.

Functional equations of the next type

xðtÞ ¼ f ðt; xða1t þu1ðt; xðtÞÞÞ; . . . ; xðakt þukðt; xðtÞÞÞÞ; ð1Þ

where ai 2 R, i ¼ 1; k, and f ðt; x1; . . . ; xkÞ and uiðt; xÞ, i ¼ 1; k, are real functions, have been considerably studied so far. One of
the basic problems studied in the research area are the existence and uniqueness of specific type of solutions of certain clas-
ses of equations of this type (see, e.g., [1,2,10–12,14,18–20,39]). For related equations and results see also papers [3,7] and
the references therein.

Some iteration methods for approximating fixed points which are sorts of iterations of some iterative processes, were
introduced in our papers [21–25]. This motivated us to study functional equations with continuous arguments, whose devi-
ations of an argument depend on an unknown function which depend also of the same function.

While in [37] we studied unique existence of bounded continuous solutions on the whole real line R of a class of
nonlinear functional equations by a fixed point theorem approach, motivated by [19], here we will study the unique
existence of local Lipschitz-continuous solutions of the following system of nonlinear functional equations on R by an-
other approach

xðtÞ ¼ f ðt; xða1t þu1ðt; xðb1t þ w1ðt; xðtÞÞÞÞÞ; . . . ; xðakt þukðt; xðbkt þ wkðt; xðtÞÞÞÞÞÞ; ð2Þ

where ai; bi 2 R; i ¼ 1; k; uiðt; xÞ; wiðt; xÞ, i ¼ 1; k, are real functions, f ðt; x1; . . . ; xkÞ is a real vector function, and xðtÞ is an
unknown vector function on a subset of Rn.
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2. Main results

In this section we formulate and prove our main result in this paper which gives some sufficient conditions for the unique
existence of local Lipschitz-continuous solutions of system (2).

Theorem 1. Suppose k 2 N; a; b > 0, and that the following conditions hold:

(i) the function f ðt; x1; . . . ; xkÞ is continuous in the domain

D ¼ ðt; x1; . . . ; xkÞ : jtj 6 a; jxij ¼max
16j6n
jxðjÞi j 6 b; i ¼ 1; k

� �
;

the functions uiðt; xÞ; wiðt; xÞ; i ¼ 1; k, are continuous on the domain

D1 ¼ ðt; xÞ : jtj 6 a; jxj ¼max
16j6n
jxðjÞj 6 b

� �

and

f ð0;0; . . . ;0Þ ¼ 0; uið0; 0Þ ¼ 0; wið0;0Þ ¼ 0; i ¼ 1; k; ð3Þ

(ii) the functions f ðt; x1; . . . ; xkÞ; uiðt; xÞ and wiðt; xÞ, i ¼ 1; k, satisfy the following Lipschitz conditions:

jf ðt1; x1; . . . ; xkÞ � f ðt2; y1; . . . ; ykÞj 6 L0jt1 � t2j þ
Xk

j¼1

Ljjxj � yjj; ð4Þ

juiðt1; x1Þ �uiðt2; x2Þj 6 lð1Þi jt1 � t2j þ lð2Þi jx1 � x2j; i ¼ 1; k; ð5Þ

jwiðt1; x1Þ � wiðt2; x2Þj 6 lð3Þi jt1 � t2j þ lð4Þi jx1 � x2j; i ¼ 1; k; ð6Þ

where L0; Li; l
ðjÞ
i , j 2 f1;2;3;4g; i ¼ 1; k, are positive constants, ðt1; x1; . . . ; xkÞ; ðt1; y1; . . . ; ykÞ 2 D, and ðt1; x1Þ; ðt2; x2Þ 2 D1;

(iii) ai; bi 2 ð0;1Þ; i ¼ 1; k, and M 2 ðL0;1Þ is a constant such that

ai þ lð1Þi þ lð2Þi M bi þ lð3Þi þ lð4Þi M
� �

6 1; i ¼ 1; k; ð7Þ

h :¼ M2
Xk

j¼1

Ljl
ð2Þ
j lð4Þj þ

Xk

j¼1

Lj aj þ lð1Þj þ 2lð2Þj M bj þ lð3Þj þ lð4Þj M
� �� �

< 1; ð8Þ

L0 þM
Xk

j¼1

Lj aj þ lð1Þj þ lð2Þj M bj þ lð3Þj þMlð4Þj

� �� �
6 M; ð9Þ

bi þ lð3Þi þMlð4Þi 6 1; i ¼ 1; k: ð10Þ

Then, for sufficiently small lðjÞi ; j 2 f1;2;3;4g, i ¼ 1; k, and for jtj 6 a�, where a� ¼minfb=M; ag, there is a unique continuous solu-
tion xðtÞ of system of equations (2) satisfying the Lipschitz condition

jxðtÞ � xðsÞj 6 Mjt � sj ð11Þ

for every t and s such that jtj 6 a� and jsj 6 a�, and such that xð0Þ ¼ 0.

Proof. We show the existence of the solution by the method of successive approximations. Let the sequence of vector func-
tions xmðtÞ; m 2 N0, be defined by

x0ðtÞ ¼ 0; ð12Þ

xmðtÞ ¼ f ðt; xm�1ða1t þu1ðt; xm�1ðb1t þ w1ðt; xm�1ðtÞÞÞÞÞ; . . . ; xm�1ðakt þukðt; xm�1ðbkt þ wkðt; xm�1ðtÞÞÞÞÞÞ; m 2 N:

ð13Þ

Assume we have proved that xm0 ð0Þ ¼ 0 for some m 2 N. From this, by (13) and using conditions (3), we have that

xm0þ1ð0Þ ¼ f ð0; xm0 ðu1ð0; xm0ðw1ð0; xm0 ð0ÞÞÞÞÞ; . . . ; xm0 ðukð0; xm0 ðwkð0; xm0ð0ÞÞÞÞÞÞ
¼ f ð0; xm0 ðu1ð0; xm0ðw1ð0; 0ÞÞÞÞ; . . . ; xm0ðukð0; xm0ðwkð0;0ÞÞÞÞÞ ¼ f ð0; xm0ðu1ð0; xm0ð0ÞÞÞ; . . . ; xm0 ðukð0; xm0ð0ÞÞÞÞ
¼ f ð0; xm0 ðu1ð0;0ÞÞ; . . . ; xm0ðukð0;0ÞÞÞ ¼ f ð0; xm0 ð0Þ; . . . ; xm0 ð0ÞÞ ¼ f ð0;0; . . . ;0Þ ¼ 0:

From this, (12), and by the method of induction we have that xmð0Þ ¼ 0 for every m 2 N0.
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