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a b s t r a c t

In general, most of stochastic age-structured system of three species do not have explicit
solutions, thus numerical approximation schemes are invaluable tools for exploring their
properties. The aim of this paper is to investigate the convergence of numerical approxima-
tion solution to the true solution for stochastic age-structured system of three species.
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1. Introduction

Stochastic differential equations have been found many applications in such as economics, biology, finance and other sci-
ences. For example, Cadenillas [1] gave a stochastic maximum principle for systems with jumps, with applications to finance,
and analysis and control of age-dependent population dynamics by Lowen [2]. One of the most important and interesting prob-
lems in the analysis of stochastic differential equations is their numerical solution. For example, Platen [3] gave an introduction
to numerical methods for stochastic differential equations, and Mao [4] gave stochastic differential equations and applications.

Recently, the random behavior of the birth–death process is incorporated into the continuous-time age-structured popula-
tion equations to obtain a system of stochastic differential equations that model age-structured dynamics. However, an appli-
cation of the stochastic age-structured model is to study how age-structured influences estimated persistence time of a
population where extinction is influenced by random fluctuations in the birth–death process. In this paper, we shall discuss
the convergence of stochastic partial differential equations. That is, we introduce the following convergence of stochastic
age-structured system of food chain:

@P1

@t
þ @P1

@r
¼ �l1ðr; t; xÞP1 � k1ðr; t; xÞP2P1 þ l1ðr; t; xÞP1

@W
@t

; in Q A ¼ ð0;AÞ � Q ; ð1:1Þ

@P2

@t
þ @P2

@r
¼ �l2ðr; t; xÞP2 þ k2ðr; t; xÞP1P2 � k3ðr; t; xÞP3P2 þ l2ðr; t; xÞP2

@W
@t

; in Q A ¼ ð0;AÞ � Q ; ð1:2Þ

@P3

@t
þ @P3

@r
¼ �l3ðr; t; xÞP3 þ k4ðr; t; xÞP2P3 þ l3ðr; t; xÞP3

@W
@t

; in Q A ¼ ð0;AÞ � Q ; ð1:3Þ

Pið0; t; xÞ ¼
Z A

0
biðr; t; xÞPiðr; t; xÞdr; in ð0; TÞ � C; ð1:4Þ

Piðr;0; xÞ ¼ Pi0ðr; xÞ; in Q 0A ¼ ð0;AÞ � C; ð1:5Þ
Piðr; t; xÞ ¼ 0; on RA ¼ ð0;AÞ � ð0; TÞ � @C; ð1:6Þ
Piðr; t; xÞ ¼ 0; 8r P A; ð1:7Þ

0096-3003/$ - see front matter � 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2011.08.104

q The research was supported by The National Natural Science Foundation (No. 11061024) (China).
⇑ Corresponding author.

E-mail address: zhangqimin64@sina.com (Q. Zhang).

Applied Mathematics and Computation 218 (2011) 3973–3980

Contents lists available at SciVerse ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate/amc

http://dx.doi.org/10.1016/j.amc.2011.08.104
mailto:zhangqimin64@sina.com
http://dx.doi.org/10.1016/j.amc.2011.08.104
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


where Q = (0,T) � C, the final time T > 0, A > 0 is the maximal age of the three species, the age cannot reach the maximal with
all of the species, so the three population’s quantities are zero while the age is A, that is Pi(A, t,x) = 0. C � RN(N 2 {1,2,3}) is an
open and bounded habitat where the three species can be free to move, oC is the boundary of C, t 2 (0,T), r 2 (0,A),
x 2C � Pi(r, t,x) denotes of the species density of age r at time t and in the location x, bi(r, t,x) denotes the fertility rate of fe-
males of age r at time t and in spatial position x, li(r, t,x) denotes the mortality rate of age r at time t and in the location x,
kk(r, t,x) is the interaction coefficients of age r at time t and in the location x(k = 1,2,3,4). liðr; t; xÞPi

@W
@t denotes effects of

external environment for population system, such as emigration and earthquake and so on. The effects of external environ-
ment has the deterministic and random parts which depend on r, t, x and Pi (for the sake of convenience, throughout this
paper, we suppose that i = 1,2,3).

The effects of the stochastic environmental noise considerations lead to stochastic age-structured population systems,
which are more realistic. For example, Zhang et al. [5] showed the existence, uniqueness and exponential stability for sto-
chastic age-dependent population, and numerical analysis for stochastic age-dependent population equations has been stud-
ied by Zhang and Han [6]. However, their results are not concerned with interacting species system of food chain.

The food chain system has received many attentions from several authors. For example, Luo et al. [7] gave optimal birth
control for predator–prey system of three species with age-structure, and chaotic behavior of a three-species beddington-
type system with impulsive perturbations by Wang et al. [8]. However, their studies are not concerned with stochastic.

In general, stochastic age-structured population Eqs. (1.1)–(1.3) rarely have explicit solutions. Thus, numerical approxi-
mation schemes are invaluable tools for exploring its properties. In this paper, we will develop a numerical approximation
method for stochastic age-structured system equations of three species of the type described by Eqs. (1.1)–(1.7). The numer-
ical solutions are defined by implicit equations containing partial derivative.

The remainder of this paper is organized as follows: In Section 2, we begin with some preliminary results which are
essential for our analysis, and define numerical approximate solutions to stochastic age-structured equations of three spe-
cies. In Section 3, we shall prove that the numerical solutions converge to the exact solutions and provide the order of
convergence.

2. Preliminaries and approximation

Consider stochastic age-structured system equations of three species (1.1)–(1.7). Integrating on [0,A] to Eqs. (1.1)–(1.3)
with respect to r, then we obtain the following system:
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li(t,x) denotes the mortality rate at time t and in the location x.
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