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a b s t r a c t

In this paper we study convergence and computation of interpolatory quadrature formulas
with respect to a wide variety of weight functions. The main goal is to evaluate accurately a
definite integral, whose mass is highly concentrated near some points. The numerical
implementation of this approach is based on the calculation of Chebyshev series and some
integration formulas which are exact for polynomials. In terms of accuracy, the proposed
method can be compared with rational Gauss quadrature formula.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

A common problem is the evaluation of a definite integral over a bounded interval [a,b]. The solution of this problem can
be approached in terms of a product integration rule, specially when the integrand has singularities. The procedure is to re-
write the integrand as F(x)W(x), where F is the integrand and W is a non-negative weight function.

Suppose that w is a weight function on [a,b], which is closely related to W in a sense to be clarified. The integral of FW can
be approximated by a weighted quadrature of the formZ b

a
FðxÞWðxÞdx ¼

Xn

k¼1

kn;kðWÞFðxn;kÞ þ EnðFÞ; ð1Þ

where

kn;kðWÞ ¼
Z b

a

PnðxÞ
ðx� xn;kÞP0nðxn;kÞ

WðxÞdx ð2Þ

and PnðxÞ ¼
Qn

k¼1ðx� xn;kÞ is the nth (monic) orthogonal polynomial with respect to w.
In the rest of this article, we will maintain the notation used in (2). The aim is to indicate explicitly the weight function to

which we refer.
To improve the accuracy of the results, a plausible strategy consists in modifying conveniently the initial factorization,

say, FW = fGW, where G P 0, and the main property of f is to have no singularities.
Roughly speaking, a real-valued function is said to be a difficult function, if it has integrable singularities, or it ranges over

very large and very small values (poor scaling). A typical case is one in which the function is meromorphic on a region
V � [a,b]. In this context, the adjective difficult also applies to the poles of the integrand that are very close to [a,b].
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To tackle the integration of a difficult function, the technique of selecting G as a proper rational function has been used
intensively, i.e. f = qF/p and G = p/q, where p and q are polynomials whose roots match the difficult points of F (cf. [5–7,9]).
Monegato [9] considers G = 1/q, and calculates kn,k(W/q) in terms of kn,k(W). That approach requires the calculation of the
integrals Vi ¼

R b
a xiWðxÞ=qðxÞdx; i ¼ 0;1. Monegato’s method is based on the partial fraction decomposition of 1/q, and de-

pends on the ability to calculate Vi. The main objective of [9] is to obtain accurate results when the integrand has difficult
poles, and this is achieved by applying a non-linear algorithm proposed by Gautschi. A variant of Monegato’s work is given in
[5] where it is considered {Gn}, defined as Gn ¼ pn=qn; n 2 N, where {pn} and {qn} are two sequences of polynomials such that
pn=qn ¼ Oð1Þ. Moreover, the roots of pn coincide with some zeros of the integrand, and the difficult poles of the integrand are
neutralized by applying an appropriate change of variables. The examples in [5] demonstrate that the zeros of the integrand
can play a role, but the numerical results are similar to those in [9] when pn � 1. A common feature to both papers [5,9] is
that the convergence of the quadrature rules is guaranteed by the following condition (cf. [10]).Z b

a
WðxÞ2=wðxÞdx <1: ð3Þ

The purpose of this paper is to present a flexible approach to evaluate the integral of difficult functions. As a result, they
have been derived several methods whose performance is illustrated mainly by means of numerical examples. In a sense,
some of these methods are simpler than that of Monegato [9]. Our strategy has been based on constructing interpolatory
quadrature formulas with respect to a class of varying weights.

From here onwards, we will only consider integrals on the interval [�1,1].
The paper is organized as follows.
In Section 2 we consider a modification of (1) and (2) given in terms of a sequence {GnW}, which means that the coeffi-

cients are given by kn,k(GmW). Then we obtain convergence when the trio ({Gn},W,w) satisfies a condition weaker than (3).
Section 3 deals with the case G = K/q, where K 2 L2ðwÞ, and focuses on the calculation of kn,k(KW/q). Here we assume that G is
approximated by Gm = pm/q, where pm is a partial sum of the Chebyshev series expansion of K. The problem reduces to con-
sider wðxÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

and W = h1w, where h1 is a polynomial. It is clear that W is a generic weight that includes the four
classical Chebyshev weight functions. It is used a technique similar to that by Berriochoa et al. [1], to prove an exact formula
for kn,k(KW/q). Unlike the method proposed by Clenshaw and Curtis [4], here we only use the Chebyshev series expansion of a
factor K.

The numerical examples of Section 4 allow to appraise the effectiveness of the proposed approach. To facilitate this, we
compare our results with those obtained by Gautschi [7], Monegato [9] and Deckers et al. [2]. Section 5 is devoted to the
calculation of the coefficients of the Chebyshev series expansion, and Section 6 contains some remarks as a conclusion.

Throughout the paper P denotes the space of all algebraic polynomials, Pn = {p 2P; deg(p) 6 n}, and kfk = sup{jf(x)j;
x 2 [�1,1]}.

2. Convergence of modified quadrature rules

Definition 1. Let W and w be two weight functions on [�1,1], both with infinitely many points of increase. Let F be an
integrable function with respect to W and assume that F = fG, where f is continuous, and G is a nonnegative function such that
G 2 L1ðWÞ. Let {Gn} be a sequence of positive and continuous functions on (�1,1), such that Gn 2 L1ðWÞ; n 2 N, and
GnWdx ? GWdx, as n ?1, in the weak ⁄ topology of measures. We say thatZ 1

�1
FðxÞWðxÞdx ¼

Xn

k¼1

kn;kðGmWÞf ðxn;kÞ þ En;mðf Þ; ð4Þ

is a modified interpolatory quadrature formula (MIQF) of order (n,m), with respect to the pair ({Gn},w), if

kn;kðGmWÞ ¼
Z b

a

PnðxÞ
ðx� xn;kÞP0nðxn;kÞ

GmðxÞWðxÞdx; ð5Þ

where PnðxÞ ¼
Qn

k¼1ðx� xn;kÞ is the nth (monic) orthogonal polynomial with respect to w.
As usual, the term En;mðf Þ stands for the quadrature error.

Proposition 1. Suppose that (4) is a MIQF with respect to ({Gn},w), and let n be fixed. ThenZ 1

�1
f ðxÞGmðxÞWðxÞdx ¼

Xn

k¼1

kn;kðGmWÞf ðxn;kÞ; ð6Þ

holds for all f 2Pn�1, and all m 2 N.

Proof. Just note that kn,k(GmW) is the kth coefficient of the interpolatory rule of polynomial type which corresponds to the
weight GmW. h
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