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In this paper, a semilinear system of elliptic equations is investigated, which involves mul-
tiple critical exponents and singular points. By variational methods and analytic tech-
niques, the related best Hardy–Sobolev constants is studied and the existence of positive
solutions is established.
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1. Introduction

In this paper, we study the following elliptic system:

Lu ¼ ra
2�ðrÞ

juja�2 jvjbu
jxjr þ g juj

2�ðsÞ�2u
jx�n1 js

þ a1uþ a2v;

Lv ¼ rb
2�ðrÞ

juja jvjb�2v
jxjr þ k jv j

2�ðtÞ�2v
jx�n2 jt

þ a2uþ a3v ;

ðu;vÞ 2 H1
0ðXÞ � H1

0ðXÞ;

8>>><
>>>:

ð1:1Þ

where X � RN ðN P 3Þ is a bounded domain with the smooth boundary @X such that the points
0; n1; n2 2 X; L :¼ �D � �l �

jxj2

� �
;g; k;r P 0; a1; a2; a3 2 R;0 < r; s; t < 2;1 < a; b < 2�ðrÞ � 1;aþ b ¼ 2�ðrÞ;l < �l; �l :¼ N�2

2

� �2 is
the best Hardy constant, 2⁄(r), 2⁄(s) and 2⁄(t) are the critical Hardy–Sobolev exponents defined as
2�ðsÞ :¼ 2ðN�sÞ

N�2 ; s 2 ½0;2Þ;H1
0ðXÞ ¼: H is the completion of C10 ðXÞ with respect to ð

R
X jr � j

2dxÞ1=2 and
H1

0ðXÞ � H1
0ðXÞ ¼: H � H is a product space.

The energy functional of (1.1) is defined in H � H by

Jðu; vÞ ¼ 1
2

Z
X
jruj2 þ jrv j2 � lu2 þ v2

jxj2

 !
dx� 1

2

Z
X
ða1u2 þ 2a2uv þ a3v2Þdx

� r
2�ðrÞ

Z
X

jujajvjb

jxjr
dx� g

2�ðsÞ

Z
X

juj2
�ðsÞ

jx� n1js
dx� k

2�ðtÞ

Z
X

jv j2
�ðtÞ

jx� n2jt
dx:

Then the functional J 2 C1ðH � H;RÞ and a pair of functions (u0,v0) 2 H � H is said to be a solution of (1.1), if

ðu0;v0Þ – ð0;0Þ; J0ðu0;v0Þ; ðu;/Þ
� �

¼ 0; 8ðu;/Þ 2 H � H;

where u, v, u, / 2 H and J0(u,v) denotes the Fréchet derivative of J at (u,v). The solution (u0,v0) of (1.1) is equivalent to a non-
zero critical point of J and a standard elliptic argument shows that u0;v0 2 C2ðX n f0; n1; n2gÞ \ C1 X n f0; n1; n2g

� �
.
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(1.1) is related to the Hardy and Caffarelli–Kohn–Nirenberg inequalities ([5,11]):Z
RN

juj2

jx� nj2
dx 6

1
�l

Z
RN
jruj2dx; 8u 2 C10 ðRNÞ; n 2 RN ; ð1:2Þ

Z
RN

juj2
�ðtÞ

jx� njt
dx

 ! 2
2�ðtÞ

6 CðtÞ
Z

RN
jruj2dx; 8u 2 C10 ðRNÞ; n 2 RN; ð1:3Þ

where C(t) is a positive constant depending on t and (1.3) is also named as the Hardy–Sobolev inequality. By (1.2), L is po-
sitive for all l < �l and has discrete spectrum rl in H1

0ðXÞ, and the first eigenvalue K1(l) is simple ([8]). By (1.2) and (1.3), the
following best constant is well defined for all 0 6 t < 2 and 0 6 l < �l:

Sl;t :¼ inf
u2D1;2ðRN Þnf0g

R
RN jruj2 � l u2

jx�nj2

� �
dx

R
RN
juj2

�ðtÞ

jx�njt dx
� � 2

2�ðtÞ
; ð1:4Þ

where D1;2ðRNÞ is the completion of C10 ðRNÞ with respect to ð
R

RN jruj2dxÞ1=2. Note that Sl,t is independent of n and is attained
by the extremal functions ([14]):

Ve
l;tðx� nÞ :¼ e2�N

2 Ul;t
x� n

e

� 	
; 8e > 0; ð1:5Þ

where
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:

For all g; k;r P 0;gþ kþ r > 0;0 6 r < 2;l < �l;a; b > 1 and a + b = 2⁄(r), by the Young and Hardy–Sobolev inequalities, the
following constant is well defined on D :¼ ðD1;2ðRNÞ n f0gÞ2 :

Sg;k;rðl; rÞ :¼ inf
ðu;vÞ2D

R
RN jruj2 þ jrvj2 � l u2þv2

jxj2

� �
dx

R
RN

gjuj2
�ðrÞþkjvj2

�ðrÞþrjuja jvjb
jxjr dx

� � 2
2�ðrÞ

: ð1:6Þ

In recent years, much attention has been paid to the elliptic equations involving the Hardy–Sobolev inequality (e.g. [7–
10,13,18] and the references therein). However, the elliptic systems involving the Hardy–Sobolev inequality have been sel-
dom studied, only a few related results are found in [1,3,12,17], and many important topics remain open. In this paper, we

investigate (1.1), which involves multiple critical terms. Note that the strongly-coupled term juja jv jb
jxjr is also critical since

a + b = 2⁄(r).
The following assumptions are needed in this paper:

ðH1ÞN P 3; g; k;r P 0; gþ kþ r > 0; 0 < r; s; t < 2; 0 6 l < �l; a;b > 1;

aþ b ¼ 2�ðrÞ; a1; a2; a3 > 0; a1a3 � a2
2 > 0; 0 < k1 6 k2 < K1ðlÞ;

where k1 and k2 are the eigenvalues of the matrix A :¼ a1 a2

a2 a3

� 	
.

Define the quadratic form

Qðu; vÞ :¼ ðu;vÞAðu;vÞT ¼ a1u2 þ 2a2uv þ a3v2:

Under the assumption ðH1Þ;Qðu;vÞ is positive definite and satisfies

k1ðu2 þ v2Þ 6 Qðu;vÞ 6 k2ðu2 þ v2Þ; 8ðu;vÞ 2 H � H: ð1:7Þ

We explain several notations:

fg;k;rðsÞ :¼ ð1þ s2ÞSl;r

ðgþ rsb þ ks2�ðrÞÞ
2

2�ðrÞ
; s > 0;

fg;k;rðsg;k;rÞ :¼min
s>0

fg;k;rðsÞ > 0; r > 0; ð1:8Þ

where sg,k,r > 0 is a minimal point of fg,k,r(s). If r > 0 and N > 6 � 2r, then b > 2⁄(r) � 2 and b � 2 < 2⁄(r) � 3 < 0 and direct cal-
culation shows that mins>0fg,k,r(s) must be achieved at finite sg,k,r > 0. Furthermore, from the fact f 0g;k;rðsg;k;rÞ ¼ 0 it follows
that sg,k,r is a root of the following equation:

2�ðrÞgþ arsb � brsb�2 � k2�ðrÞs2�ðrÞ�2 ¼ 0; s > 0: ð1:9Þ
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