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1. Introduction

In this paper, we study the following elliptic system:
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(u,v) € Hy(Q) x Hy(Q),

where QcRV(N >3) is a bounded domain with the smooth boundary 92 such that the points
0,6, €Q,L:= (—A~ —Hz M 2,0 =0,a1,02,03 e RO<T, St <21 <o, f<2°(r) =1, a+B=2"(N), U< [, [l :== (%)2 is
the best Hardy constant, 2*r), 2*(s) and 2*t) are the critical Hardy-Sobolev exponents defined as
2°(1) =20 7 ¢[0,2),Hy(2) ==H is the completion of Cy(2) with respect to ([,|V-[’dx)'> and
Hy(Q) x Hy(Q) =: H x H is a product space.

The energy functional of (1.1) is defined in H x H by
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Then the functional J € C'(H x H,R) and a pair of functions (uo, %) € H x H is said to be a solution of (1.1), if
(UO.,U()) #* (0~O) U/(Uo,ﬂg),((/), ¢)> :07 V((p7¢) GHXHv

where u, v, @, ¢ € H and J'(u, v) denotes the Fréchet derivative of J at (u, v). The solution (uo, 7o) of (1.1) is equivalent to a non-
zero critical point of J and a standard elliptic argument shows that ug, 7o € C*(Q\ {0,&;, &) N C’ (@ \ {0, &1, E)).
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(1.1) is related to the Hardy and Caffarelli-Kohn-Nirenberg inequalities ([5,11]):

|“|2 1 2 o (N ¢ N
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where ((t) is a positive constant depending on t and (1.3) is also named as the Hardy-Sobolev inequality. By (1.2), L is po-
sitive for all ¢t < ft and has discrete spectrum ¢, in Hé([l), and the first eigenvalue A4(x) is simple ([8]). By (1.2) and (1.3), the
following best constant is well defined forall 0 <t<2and 0 < u < [t

Jor (17U = s )
S,u,t = s
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(1.4)

where D'?(RY) is the completion of Cy’ (R") with respect to ([, [Vu[*dx)'/>. Note that S, is independent of ¢ and is attained
by the extremal functions ([14]):

Voo #20 (
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=)

|

t

2(H—p)(N-1)
Vi
p=2

Upe(x) := N
= — —t)\/ 1~ t
|x‘\/ﬁw/#—/t<1 4 MT)

o

Foralln, 2,6 2 0,n+i+0>00<r<2,u<popf>1anda+p=2%r), by the Young and Hardy-Sobolev inequalities, the
following constant is well defined on D := (D'*(R") \ {0})*:

" (IVul + VP - pi) dx
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In recent years, much attention has been paid to the elliptic equations involving the Hardy-Sobolev inequality (e.g. [7-
10,13,18] and the references therein). However, the elliptic systems involving the Hardy-Sobolev inequality have been sel-
dom studied, only a few related results are found in [1,3,12,17], and many important topics remain open. In this paper, we

investigate (1.1), which involves multiple critical terms. Note that the strongly-coupled term % is also critical since
o+ p=2%r).
The following assumptions are needed in this paper:
(Hi)N=3, n,40=>0, n+14+0>0, O0<rss;t<2, O<u<p, opf>1,
o+ B=2°(r), a1,a2,a3>0, aaz—a2>0, 0< << A(W),
where /; and 1, are the eigenvalues of the matrix A := <Zl ZZ )
Define the quadratic form 2
Qu, v) = (u, V)A(, v)" = qu? + 2a;uv + azv?.
Under the assumption (H;),Q(u, v) is positive definite and satisfies
11U+ 2v7) <Q(u,v) < AL(u” + v7), u,v) e HxH. .
L +2%)<Q 2 (U S HxH 1.7
We explain several notations:

1 2
frsa(T) = 1+ TS —, 1>0,
(n+ 0Tk 4 /72 1)@

f;]J.,o(T;].).,J) = rgg‘fn,z,o(f) > 07 g > 07 (18)

where 1,,; ;> 0 is a minimal point of f,; ,5(7). If ¢ >0and N > 6 — 2r, then > 2*(r) — 2 and $§ — 2 < 2*(r) — 3 < 0 and direct cal-
culation shows that ming.qfy,,.+(t) must be achieved at finite 7, > 0. Furthermore, from the fact f,;_y 2.0(Tnie) = 0 it follows
that 7, is a root of the following equation:

2N+ aoth — pot’2 - 2°(Nt? P2 =0, 7>0. (1.9)
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