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a b s t r a c t

A discrete nonlinear N-species cooperation system with time delays and feedback controls
is considered in this paper. Sufficient conditions which ensure the permanence of the sys-
tem are obtained. It is shown that these conditions are weaker than those of Chen [F.D.
Chen, Permanence of a discrete N-species cooperation system with time delays and feed-
back controls, Appl. Math. Comput. 186(2007) 23–29], that is, our investigation shows that
the additional condition in Chen’s paper is not necessary.
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1. Introduction

The aim of this paper is to investigate the permanence of the following non-autonomous discrete nonlinear N-species
cooperation system with time delays and feedback controls

xiðnþ 1Þ ¼ xiðnÞ exp riðnÞ 1� xiðn� siiÞ
aiðnÞ þ

Pn
j¼1;j–ibijðnÞfjðxjðn� sijÞÞ

� ciðnÞxiðn� siiÞ
" #

� diðnÞuiðnÞ � eiðnÞuiðn� giÞ
( )

;

DuiðnÞ ¼ �aiðnÞuiðnÞ þ biðnÞxiðnÞ þ ciðnÞxiðn� riÞ; ð1:1Þ

where xiðnÞ ði ¼ 1;2; . . . ;nÞ is the density of cooperation species i at kth generation, uiðnÞ is the control variable, D is the first-
order forward difference operator DuiðnÞ ¼ uiðnþ 1Þ � uiðnÞ. For more background and biological adjustments of system
(1.1), one could refer to [1–14] and the references cited therein.

Throughout this paper, we assume that

(H) aiðnÞ : Z ! ð0;1Þ; bounded sequences riðnÞ; aiðnÞ; biðnÞ; ciðnÞ, diðnÞ; eiðnÞ; biðnÞ and ciðnÞ : Z ! Rþ; f j : Rþ ! Rþ;

f 0j ðxjÞP 0; sij; sii and ri are positive integer; Z; Rþ denote the sets of all integers and all positive real numbers, respec-
tively; s ¼maxfmax16i;j6nsij;max16i6nrig > 0.

It is not difficult to prove that xiðnÞ > 0; uiðnÞ > 0 for all i ¼ 1; . . . ;n.
If fjðxjðn� sijÞÞ ¼ xjðn� sijÞ, system (1.1) reduces to the following system

xiðnþ 1Þ ¼ xiðnÞ exp riðnÞ 1� xiðn� siiÞ
aiðnÞ þ

Pn
j¼1;j–ibijðnÞxjðn� sijÞ

� ciðnÞxiðn� siiÞ
" #

� diðnÞuiðnÞ � eiðnÞuiðn� giÞ
( )

;
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DuiðnÞ ¼ �aiðnÞuiðkÞ þ biðnÞxiðnÞ þ ciðnÞxiðn� riÞ; ð1:2Þ

Throughout this paper, for any bounded sequence faðnÞg,

au ¼ sup
n2N

aðnÞ; al ¼ inf
n2N

aðnÞ:

We say that system (1.1) is permanent if there are positive constants M and m such that for each positive solution
ðx1ðnÞ; . . . ; xnðnÞ;u1ðnÞ; . . . ;unðnÞÞ of system (1.1) satisfies

m 6 lim
n!þ1

inf xiðnÞ 6 lim
n!þ1

sup xiðnÞ 6 M;

m 6 lim
n!þ1

inf uiðnÞ 6 lim
n!þ1

sup uiðnÞ 6 M:

for all i ¼ 1;2; . . . ;n.
Chen [2] considered the above system (1.2). Assume that (H) and

ri > du
i þ eu

i

� �
Mi2; i ¼ 1;2; . . . ;n; ð1:3Þ

hold, then the system (1.2) is permanent, where

Mi2 ¼
bu

i þ cu
i

� �
exp ru

i ðsii þ 1Þ � 1
� �

al
ic

l
ir

u
i

; i ¼ 1;2; . . . ;n:

The aim of this paper is, by further developing the analysis technique of Chen [13], to obtain sufficient conditions which
ensure the permanence of the system (1.1). On the other hand, We should point out that conditions (H) are sufficient for the
permanence of system (1.1) and (1.2). We found that if we use the method of Chen [13], then the additional condition, to
some extent, is necessary. But for the system itself, this condition may not be necessary. Motivated by the above problem,
we discuss the permanence of system (1.2) again, our investigation shows that condition (1.3) is also not necessary.

2. Permanence

In this section, we establish a permanence results for system (1.1) and (1.2). In order to prove our main result, firstly we
give some lemmas which will be useful for the following discussion.

Lemma 2.1 (see [5]). Assume that A > 0 and yð0Þ > 0, and further suppose that

(1)

yðnþ 1Þ 6 AyðnÞ þ BðnÞ; n ¼ 1;2; . . . ð2:1Þ

Then for any integer k 6 n,

yðnÞ 6 Akyðn� kÞ þ
Xk�1

i¼0

AiBðn� i� 1Þ: ð2:2Þ

Especially, if A < 1 and B is bounded above with respect to M, then

lim
n!þ1

sup yðnÞ 6 M
1� A

: ð2:3Þ

(2)

yðnþ 1ÞP AyðnÞ þ BðnÞ; n ¼ 1;2; . . . ð2:4Þ

Then for any integer k 6 n,

yðnÞP Akyðn� kÞ þ
Xk�1

i¼0

AiBðn� i� 1Þ: ð2:5Þ

Especially, if A < 1 and B is bounded below with respect to m, then

lim
n!þ1

inf yðnÞP m
1� A

: ð2:6Þ

Lemma 2.2 (see [15]). Let n 2 Nþn0
¼ fn0;n0 þ 1; . . . ;n0 þ l; . . .g; r P 0. For any fixed n; gðn; rÞ is a non-decreasing function with

respect to r, and for n P n0, following inequalities hold: yðnþ 1Þ 6 gðn; yðnÞÞ;uðnþ 1ÞP gðn;uðnÞÞ. If yðn0Þ 6 uðn0Þ, then
yðnÞ 6 uðnÞ for all n P n0.

Now let us consider the following single species discrete model:
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